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PREFACE 


The present work has evolved out of the lectures 
delivered to the Post-Graduate students of the 
University of Calcutta, It is intended as an intro- 
duetory text-book on Spherical Trigonometry and an 
attempt has been made to present the subject-matter 
in as simple a manner as possible. "The book bas 
been brought to the standard required for the exa- 
minations of Indian Universities. It contains all the 
propositions which а student has and ought’ to 
learn to have a fairly comprehensive knowledge 
of the Trigonometry of Spheres, and thus it paves 
the way for higher study in Spherical Astronomy, 

Aa the book consists mainly of formulae and the 
applieation£ thereof, a large number of examples has 
been appended for solution by the studente. 

A short historical introduction has been given at 
the beginning. showing the successive stages of the 
development of the subject. It arose out of the 
growing need for the study of the heavens, It is 
interesting to note that the fundamental formulae 
were all known to Hindu Astronomers thousands of 
years ago and are of Indian origin, but owing to their 
conservative spirit, any record of their work is wholly, 
wanting. It was Sürya Siddhanta which brought 
to light the achievement of Indian mathematicians, 
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and this was followed by several works on the 
subject, showing thereby that the ancient Hindus 
were far advanced in Astronomy. In the body of the 
book reference to authors of the respective theorems 
has ip most cases been given. 

In the preparation of this book I Med to consult 
the existing treatises and several memoirs on the 
subject, and my thanks are due to their respective 
authors. For the history of the subject, among other 
works, I was greatly influenced by the monumental 
works of Dr. D. E. Smith and the late Dr. F. Cojori 
and my thanks are due tothem. I am also indebted to 
Dr. 8. M. Ganguli, D.Sc., P.R.S., Lecturer in Higher 
Geometry in the University of Calcutta, for his 
valuable suggestions. 

T have also to express my thanks to the authorities 
of the University of Calcutta for their consent to 
Publish the book, and to the officers апё the staff of 
the University Press, for (he pains they have taken in 
the printing of the book. 

In conclusion, I hope that the present book will 
tend a little towards the advancement of Mathe- 
matical learning of our students ; it is for them that 
the book has been written and it is in their profit. that. 
I shall look for my reward, 





UNivERSITY оғ CALCUTTA : 
} P.N. Митал. 


July, 1935. 
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HISTORICAL INTRODUCTION 


The early history of the Science of Spherical 
‘Trigonometry is veiled in obscurity. In the pre- 
historie age, primitive men attributed every physical 
phenomenon to the agency of some Superbuman 
Being. То them the secret of the stars was closely 
connected with the secrets of buman destiny. It 
was this that led the Hindus of India and the 
Babylonian shepherd to observe the stars and to specu- 
late on their meaning. Thus developed the folklore 
in India as also in the temples along the Nile and 
in Mesopotamia, As years advanced, observations of 
the heavens increased, which led to the measurement 
of angles, and thus the science of Astronomy had its 
beginning. The ancient Hindus however left no 
authentic record of their mathematical achievement. 
They were very conservative and would hardly impart 
their knowledge to their friends md disciples. More- 
over they bad little sympathy with those outside 
their own caste. It is only in some special сфе 
that a favourite disciple could acquire the knowledge 
and learning of his teacher. With the passing away 
of a master mind, all his mathematical achievements 
were lost in oblivion. There is sufficient evidence 
to show that schools existed very early in India, where 

„mathematics was looked upon as a very important 
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branch of learning, but for the reasons aforesaid 
general literature on the subject is wholly lacking, 
All that we can learn of them are gathered from the 
two great epics, the Mahabharata and the Ramayana, 
the Vedas and other ancient literatures which show 
that the Hindus from ancient times paid considerable 
attention to astronomy.* The oldest astronomical 
instrument dates as early as 1800 В.С. 

"The study of scientific astronomy began in Greece 
with Thales (040—546 В.С.). He succeeded in pre- 
dicting a solar eclipse which occurred on the 28th 
May, 585 B,C. Pythagoras (580—500 В.О,) asserted. 
that Earth was spherical in shape. His teachings 
reveal much more of Indian than of the Greek civili- 
sation in which he was born, It was left for Par- 
menides of Elea (460 B.C.) to teach at Athens the 
doctrine of the sphericity of the Earth, Eudoxas of 
Cindus (408—355 B.C.) is said to have introduced 
the study of spheries (mathematical astronomy) in 
Greece, Euclid of Alexandria (fl. 300 B.C.) wrote a 
book called Phaenomena: dealing with the celestial 
sphere, Eratosthenes of Alexandria (274—194 B.C.) 
took the noteworthy step in geodesy by his measure- 
ment of the circumference and diameter of the 
Earth, Me also found the obliquity of the ecliptic 


* б. Oppert, On the Original Inhabitants of Bharatavarsa® 
or India, London, 1808. 

R. с. Dutt, А History of Cieilisation in Ancient India, London, 
1898, 
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to be 23°51' 20". Archimedes of Syracuse (287—212 
B.C.) devoted а portion of his work on sphere. As 
yet we have got nothing which can be called trigono- 
metrical. 

Hipparchus of Niema (180—125 B.C.) wrote а 
famous work on astronomy, in which he needed to 
measure angles and distances on a sphere, and kence 
he developed a kind of Spherical Trigonometry. Не 
also worked out a table of chords, i. e., of double 
sines of half the angle, and thus was begun the science 
of Trigonometry, Menelaus of Alexandria (fi. 100 
A.D.) wrote a treatise on sphere Sphaericorum Libri 
III dealing with geometrical properties of spherical 
triangles. His proposition Regula sez quantitatum. 
is well known. He also wrote six books on the 
calculation of chords. The interest in astronomy 
had induced more progress ia spherical rather than in 
plane trigonometry. Claudius Ptolemaeus (85—105 
A.D.) brought tegether in his great work, Almagest 
in 18 books, the discoveries of his predecessors. He 
devoted chapters of his first book to trigonumetry 
and spherical trigonometry. Не elaborated the table 
of sines already used by Hipparchus. He created, 
for astronomical use, a trigonometry remarkably 
‘perfect in form. Pappus of Alexandria (f. 300 A.D.) 
-devoted his sixth book in Mathematical Collections 
to the treatment of sphere. 

2000 B.C. down to 300 B.C. we have no 
of Indian astronomy save the glimpses we 








xviii HISTORICAL INTRODUCTION 


have from the Vedic writings. The Vedic literatures 
were probably written about 2500—1500 B.C., though 
composed much earlier; the Vedangas were written 
several centuries later. The ritualistic rules of the 
Sulvasutras were composed about 500 B.C. The 
Hindus were in the habit of putting into verse all 
mathematical results they obtained, and of clothing 
them in obscure and mystie language, which though 
well adapted to aid the memory of bim who already 
understood the subject, was often unintelligible to 
the uninitiated. From the period of invasion of 
India by Alexander the Great in 327 B.C., there 
was regular intercourse between the Hindu and Greek 
mathematicians, which influenced their respective 
astronomies to a certain extent. Before the beginning - 
of the Christian era, there were numerous invasions 
from the North which seriously interfered with the 
spread of Greek science, and in the fourth century 
A.D., with the appearance of Surya Siddhanta—the 
first important work on Astronomy in [nlia—we find 
the astronomy of Greece replaced by the Astronomy 
of Hindus. The mathematical formulae of Sulva- 
sutras now gave place to the mathematics of stars. 
Spherical trigonometry and astronomy were treated 
scientifically by Aryabhatta (475—550 A.D.) in his. 
Aryabhatiyam and Gola. Next comes Varahamihira * 
(505—587 A.D.) whose work Райса Siddhantika shows- 








| According to some tradition Varaha and Mim aro two = 
different persons—fatber aod son. Br 
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ап advanced state of mathematical astronomy. He 
describes the five Siddhantas which bad been written 
before his tme but places the Sürya Siddhánta at 
the head. Among the five is the Paulisa Siddhanta 
which contains an excellent summary of early Hindu 
Trigonometry. Varahomihira taught the sphericity 
‘of the earth. The most prominent of the Hindu 
‘mathematicians, of the seventh century, was Brahma- 
gupta, who was born in 508 A.D. He wrote his 
‘astronomical works Brahma-sphuta siddhanta in 628 
A.D. and Khandakhddyaka in 605 A.D. It was he 
who taught the Arabs astronomy long before they 
became acquainted with Ptolemy's work. The 
famous Sindhind and Alarkand of the Arabs are the 
‘translations of the two books of Brahmagupta. The 
cosine and sine theorems for oblique-angled spherical 
triangles are implied in tbe rules of Verahamihira and 
Brahmagupta. "The triadic relations for right-angled 
‘spherical triangles were known to the Hindu mathe- 

ticians and were used by them to solve spherical 
triangles. ln the reign of Caliph Almansur of 
Bagdad в Hindu Astronomer named Kankah went to 
his court with astronomical tables * in 766 A. D., which 
‘were translated into Arabic. Thus Hindu mathematics 





$ t іа generally believed that this was the Brühmo-sphuta- 
Натана of Brahmagupta, and the name Sindhind is derived 
“from the word Siddhánte. A Persian named Yaqub ibn Tariq 
also went to the court of the Caliphs about this time and probably 


.. ansistd in translating the works of Brahmagupta. 
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and astronomy came to be known to the scholars at 
Bagdad. This was known as Sindhind and contained the 
important Hindu table of sines. After this time to the 
year 1000 A.D. very little progress was made in India. 
Mahavira (8. 850 A.D.) seems to have made efforts to 
improve upon the works of Brahmagupta, In the 
meantime the knowledge of India passed into the 
keeping of Arabs. The chief Arab writer on astro- 
поту was Albategnius (f. 920 А.Р). Like the 
Hindus he used half chords instead of chords. Some 
mathematicians are of opinion that he discovered the 
cosine formula, but there is по, evidence to show that 
he had any real knowledge of spherical trigonometry. 
In fact, he borrowed it from the Hindu astronomy. 
Abu'l Wefa (940—998 A.D.) and bis contemporary Abu 
Nasr tried to systematise the older knowledge but it 
was the Persian astronomer, Nasir ed-din al.Tusl 
(1201—1274 A.D.), whose work Shakl al-gattd reveals 
trigonomtry as science by itself. Among the Hindu 
writers from 1000—1500 A.D., the first was Sridhara 
who was born in 901 A.D. but he did not contribute 
much to the science of Spherical Trigonometry, 
‘The other writer of prominence is Bhaskara (1114— 
1185 A.D. whose Siddhána Siromani contains a 
book, Goladhia, devoted to astronomy and sphericity 
of the earth. He gave a method of constructing a 
table of sines for every degree. With the decline 
of Bagdad, the study of spherical, triangles, for 
astronomical work, assumed greater importence in 
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Spain. Gabir ben Aflah of Sevilla (1140 A.D.) wrote 
on spherical trigonometry and introduced the "rule 
of four quantities," By the 14th century England 
came to know of the Hindu Trigonometry through 
the Arab ‘Trigonometry, 

Among the modern writers to exhibit Trigonometry 
as n science, independent of Astronomy, was the 
German mathematician Jobann Miller, better known 
as Regiomontanus (1436—1476). His work De triangu- 
lis omnimodis Libri V, written in 1464, may be said to 
have laid the foundation for later works on plane and 
spherical trigonometry. Copernicus (1478—1518) com- 
pleted come of the works left unfinished by Regio- 
montanus, in his De Lateribus et Angulis Triangulorum 
(1542). The Danish astronomer Tycho Brahe also gave 
the cosine formula in 1590. With the French mathe- 

~ matician Vieta (1540—1003) began the first systematic 
evelopment of the calculation of plene and spherical 
triangles. The theorem for cosine of angles was given 
“by Viet@in 1599. The cotungent theorem was given 
in substance by him but was afterwards proved by 
Snellius in 1627. The name Trigonometry first ap- 
peared in an important work on Trigonometry by 
the German mathematician Pitisous (1561—1618) in 
1505. Albert Girard (1595—1632) published at the 
Hague, in 1626, a noteworthy work on Trigonometry, 
in which be made use of the spherical excess, in find- 
ing the area of a spherical triangle. This also appeared 
jn his Invention nouvelle en UAlgébre in 1029. The 
area of a spherical triangle was also given by Cavalieri 
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(1598—1647) in his Directorium generale (Bologna, 
1632), and afterwards in his Trigonometria plana et 
spherica (Bologna, 1643). Napler (1550—1617) replaced 
the rules for spherical triangles by one clearly stated 
rule, the Napier's analogies, published in his Mirifici 
Logarithmorum canonis Descriptio in 1614. He also 
gave two rules of circular parts, which included in 
them all the formulae for right-angled spherical 
triangles. The properties of the polar triangles were 
discovered by Snellius (1591—1626 A.D.) in his Trigo- 
nometria, published posthumously at Leyden in 1627. 
Euler (1707—1783 A.D.) gave a fresh impetus to the 
study of the subject by publishing several memoirs in 
the Royal Academy of Berlin and in the Acta Petro- 
politana. Delambre published his analogies in 1809. 
Valuable contributions to the subject were also made 
by Lagrange (1736—1813), Lhuillier (1750—1840), 
Legendre (1752—1833), Gauss (1777—1855), Lexell 
(1782), Chasles (1881), Schulz (1833), Gudermann 
(1895), Borgnet (1847), Neuberg, Von Staüdt (1798- 
1807) and Simon Newcomb (1835—1909), E. Study 
(1898) and F. Meyer. 

"The case for spherical triangles with sides and 
angles not necessarily less than т is generally 
ascribed to Moblus * but it seems that Gauss! bad 
not only thought of this generalisation, but bad 
worked it out. 


* (Bee Geveilechojt der Wissenschaften mu Leipsig, 1800, 
гб. 3 $ 
+ Вее, Theoria motus Corporum Coelestium, 1809, $ 54. 
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SPHERICAL TRIGONOMETRY 


CHAPTER I 
БРНЕВЕ 


1.1. Sphere. А sphere is a solid figure such 
that every point of its surface is equally distant from 
a fixed poiat within it, which is called the Centre of 
the Sphere: 

Any straight line joining the centre of a sphere 
to any point on its surface is called a Radius, and 
tho straight line drawn through the centre and ter- 
minated both ways by the sphere is called a Dia- 
meter of the Sphere. 











A sphere can be generated by the revolution of a 
circle round any of its diameter as axis. 
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1.2. Intersection of Sphere by a plane. If a 
plane intersects a sphere, the resulting section will 
be some curve on the surface of the sphere and we 
prove below that 


The section of the surface of a sphere by a plane 


в a circle, 
4 CoS 


> 


Let ABX be the section of the sphere made by a 
plane and let О be the centre of the sphere. Draw 
OC perpendicular to the plane of АВХ. Take any 
point D on the section ABX and join CD and OD. 
Now ООР is a right-angled triangle, for OC is perpen- 
dicular to the plans ABX and hence perpendicular 
to CD. Therefore CD?—0D?—0C?, But OD is 
constant being radius of tbe sphere and OC is con- 
stant for O and C are fixed points, and hence CD is 
of constant length. Thus any point D in the section 
ABX is equally distant from the fixed point C in its 
plane, that is, ABX is acircle of which C ig the 
centre, 
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1.3. Great Circle and Small Circle.* When 
the plane intersecting the sphere passes through the 
centre of the sphere, its circular section їз called а 
Great Circle, thus AB is a Great Circle. When the 
section does not pass through the centre it is called a 
Small Circle, thus А’ B' is a Small Circle, (See figure 
of Art. 1.1.) 

The solid cut off by the plane of a great circle is 
called a Hemisphere, and that cut off by the plane of 
а small circle is called a Segment of the sphere. 


Note 1.—Only one great circle can be drawa through two given 
‘points on the surface of a sphere, for its plane must pass through 
‘the centro of the sphere, and three non-collinear points uniquely 
determine a plane. ‘The great circle is unequally divided at the 
two points, and by the aro joining tbe two points we shall always 
moan the smaller of tbe two. But if the two given pointe be the 
extremeties of a diameter, an infinite namber of great circles can 
bo drawn through them. (Seo figure of Art. 1.1. 

Note 3,—The shortest are that can be drawn on the surface of 
а sphere joining tro points on it, is tho great circular aro through 
them, for the shortest aro must bave tbe least curvature, and ao it 
must bolong to the circle of the greatest radius, i.e., the great. 
circle. 

4.4. Axis and Poles. «The Azis of a circle on a 
sphere is that diameter of the sphere which is per- 
pendicular to the plane of the circle. The extremeties 











“© The nomenclature is perbaps due to the fact that the 
‘radius of в great circle (which is tbe same as the radius of the 
sphere) is always greater than that of any small circle, as is 
‘evident from the relation CD!— OD! — OC? of Art. +. 
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of the axis are called the Poles * of the circle. ‘Thus 
it PP! (fig. of Art. L.5) is perpendicular to the small 
circle AB, P and P' are its poles, of which the nearer 
pole P will usually be denoted as the pole. The poles 
of the great circle are equidistant from the plane of 
the great circle. Any point and the great circle of 
which it is the pole are termed pole and polar with 
respect to each other. 
ExaurLE 

Shew that the line joining the centre of the sphere to 
the pole of all circle passes through its centre. 

1.8. Theorem, The pole of a circle is equidistant 
from every point on the circumference of the circle. 


EN 








7 


Let O be the centre of the sphere and AB any 
circle on it of which C is the centre, and P and Р” 
are the poles. Take any point D on АВ. Join CD 
and PD. Then PD?— PO? 4 CD? constant. 


* The expression pole of a circle is doe to Arohimeles of 
Byracuse (287-212 B.C.). 
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Now ав the chord PD is constant, therefore the 
are of the great circle intercepting PD is also constant 
for all positions of D on the circle AB. Thus the 
distance of the pole of a circle from every point on 
its circumference is constant whether the distance be 
measured by a straight line or by a great circular arc. 

‘The great circular arc PD joining the pole P of the 
circle АВ о any point D on its circumference, is called 
the Spherical Radius of the circle AB. The spherical 
radius of а great circle quadrant. (See Art. 1.9.) 

1.6. Theorem. Two great circles bisect cach other. 

‘The plane of each great circle passes through the 
centre of the sphere. Hence the line of intersection 
of these planes is а diameter of sphere, as also of 
each great circle. Therefore ihe great circles are 
bisected at the points where they meet, 

1.7. Angle between two circles. When two circles 
intersect, thé angle between the tangents at either 
of their points of intersection is called the angle 
between the circles. If these circles are great circles, 
their planes pass through the centre, and their line 
of intersection is a diameter of the sphere to which 
the tangents are perpendicular and hence the angle 
between the tangents is the angle of intersection of 
the planes.* Thus 

* When two planes intersect, the angle between them is 


tneampred by the angle between аву two straight lines drawn опе 
in each plane, at any point on their line of intersection and per- 
Pendicular to it. 
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The angle of intersection of two great circles is 
equal to the inclination of their planes. 


1.8. Secondary Circles. Great circles which pass 
through the poles of another great circle are called 
Secondaries to that circle, which again is termed Pri- 
mary circle in relation to them. Thus, in the figure, 
ABO is the primary circle and all the circles through 
P and P' are secondaries to it. It is evident that 
there can be an infinite number of such secondaries, 
the planes of which intersect in the line PP", the axis 
of the primary circle. 








Since PP’ is perpendicular to the plane ABC, any 
plane passing through PP’ is also perpendicular to 
the plane ABC, Hence = 

Any great circle and its secondary cut each othe r 
at right angles, 
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Again since РО is perpendicular to ОА and OC, 
AQC is the angle of inclination of the planes of PA 
and РО, and this is measured by the are AC. Hence 
the angle between the circles РА and РС is measured 
by the aro АС, 





The angle between any two great circles is measur- 
ed by the arc intercepted by them on the great circle 
to which they are seconda 





1.9. Theorem. The arc of a great circle which is 
drawn from a pole of a great circle to any point in 
its circumference is a quadrant. (Big, of Art. 1.8.) 


Let P be a pole of the great circle ABC and О 
the centre of the sphere. Join PO. Then РО is per- 
pendicular to the plane ABC and hence perpendicular 
to ОА, OB, OC and OD. Henceeach of the angles 
POA, POB, POC and POD is a right angle, the 
are PA, PH, PC or PD is a quadrant. 








1.10. The Converse Theorem. Ifthe arcs of great 
circles joining a point on the surface of a sphere 
with two other points on it, which are not opposite oz- 
tremities of a diameter, be each a quadrant, then the 
firat point is а pole of the great circle passing through 
the other two. 


. For if PA and PC (fig. of Art. 1.8) be esch a 
quadrant, the angles РОА and РОС ere right angles. 
‘Therefore РО is perpendicular to OA and OC, and 


9 ' 
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hence perpendicular to the plane AOC, i.e., P is 
в pole of the great circle AC. 


1.11. Theorem. If two arcs of great circles, 
which are not parts of the same great circle, be drawn 
from a point on the surface of a sphere such that their 
planes are at right angles to the plane of а given 
circle, then that point is a pole of the given circle, 


Since the planes of the two arcs are at right 
angles to the plane of the given circle, their line of 
intersection is also perpendicular to the plane of the 
given circle; and as it passes through the centre of 
the sphere, it is the axis of the given circle. Hence 
the given point is a pole of the circle. 


1.12, Theorem. The points of intersection of two 
great circles are the poles of the great circle passing 
through the poles of the given circles. 








Let the two great circles intersect at A and B, 
and let P and © be their poles, Join РА and QA. 


DISTANCE OF POLES OF TWO CIRCLES 9 


‘Then РА and QA are each а quadrant (Art. 1.9) and 
hence A is the pole of the great circle PQ (Art. 1.10), 
Similarly B is the other pole. 


1.13. Theorem. The angle between two great 
circles is equal to the angular distance between their 
poles, 

For, taking the figure of the last article, A is the 
pole of the circle PQ; ence AM and AN are each a 
quadrant. The angle between the circles AMB and 
ANB is measured by the arc MN (Art. 1.8). Also 
PM and QN are quadrants and the angular distance 
‘of the poles is measured by the arc PQ. Therefore 


arc PQ=PM-QM=QN-QM=NN. 


Since these arcs are equal, they will subtend 
equal angles at the centre. Hence joining OP, 09, 
OM and ON, we have angle POQ=angle MON, 
the angle subtended at the centre of the sphere by 
the аго of a great circle joining the poles of two 
great circles is equal to the inclination of their 
planes.* 





1.18. To compare the arc of a small circle sub- 
tending any angle at its centre with the arc of a great 
circle subtending an equal angle at the centro of the 
sphere. 





* Teis obvious that the angle between the two planes is 
‘equal to the angle between their perpendiculars ОР and OQ. 


о t 
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Let ab be the аге of а small circle whose centre 
is C and whose pole is P. Let О be the centre of 
the sphere. Then OP is at right angles to the plane 
aCb. OP is also at right angles to the plane of the 
great circle of which P is a pole. Through P draw 
great circles РаА and РЬВ to meet this great circle 
at A and B. Then OP is perpendicular to ОА, OB, 
Са and Ob. Hence either of the angles aCb or АОВ 
measures the angle between the planes POA and 
РОВ and therefore ZaCb= / АОВ. 


A 
H arc ab arc АВ 
rence -adius Са = radius OA 





Ca A 
ARAB ORT Or = sin POa=c08 Аба. 


Thus are ab=are AB cos Аба. 
ie, Distance between two places on the ваще 
parallel of latitudes Difference in their longitude 
multiplied by cosine of their common latitude. 


EXAMPLE 1 


ESAMPLE WORKED OUT 


On в sphere whose radius is г a small circle of spherical 
radios, 0, is described, and в great circle is described having Из 
pole on the small circle; show that the length of their common 
bord is 


ar 


Гарт 
EET) 
0 





(Science and Art Ezam. Papers.) 

Let O be the centre of the sphere and C the centre of the 
small circle. Then OC is perpendicular to the plane of the 
amall circle. Take any point P on the small circle as the pole 
of the great circle. Then 

£POC=the angular radius of the small circle 

and hence OC=r cos and CP=r sin o, whens is the 
of the sphere. 

Let с be the length of the common chord and d the length 
of the perpendicolar from Con it, Then 


(i) tete 


Again since the angle between OC and the plane of the great 
circle is 907—6, we have 








4 
Teos 8 





cot 9 or d=r сов 8 cot 0, 


‘Therefore (te =F cost 0 сой ё 
"Nein 9— cost €) 
d 








or 
z Or, C i = 
N.B.—For а real section 99 must be greater than 90° and 
bence the negative sign under the radical sign. 
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ExiurLES 


1. Show that any great circle is the locus of the poles of all 


‘ita secondaries, 


3. Shew that the angle between the plane of any circle and 
the plane of a great circle which passes through its poles js a 
right angle. 





3. Two equal small circles sre drawn tovebing each other. 
Shew that the angle between their planes is twice the comple- 
ment of their spberical radius. 

(Science and Art Exam, Papers.) 


4. The angle subtended at the centre of a circle by two points 
ов it is equal to the aoglo subtended by them at ite pole. 





5. If two great circles are equally inclined to а third, thelr 
poles are equidistant from the pole of the third. 





6. If a point js equidistant from three great circles, it is also 
‘equidistant from their poles. 


7. 10 two spheres intersect each other, abew that“ their curve 
of intersection is a circle, 





CHAPTER II 
SrnERnICAL Tatancie 


2.1. Spherical triangle. А spherical triangle 
is a triangle formed by three ares of great circles on 
the surface of a sphere. The arcs are spoken of as 
the sides, and their angles of inclination st the points 
where they meet, the angles of the spherical triangle. 
As in plane trigonometry, the angles are usually 
denoted by the letters A, B, C and their opposite 
sides by the letters a, b and c. The angles and the 
sides are sometimes spoken of as clements or parts 
of в spherical triangle. Unless stated to the con- 
trary, all arcs drawn on the surface of a sphere will 
be taken to be ares of great circles. 


2.2. Restriction of the sides and the angles, 
Two роійїз on the surface of a sphere may be 
taken to be joined by either of the two segments of 
the great circle passing through them. Hence we 
can have eight triangles having for their vertices A, 
В and С. Soto avoid ambiguity and to simplify our 
study it has been conventional (as in Art. 1.3, note 1) 
{о mean by any of its sides, the lesser segment of 
the great circle passing through the two correspond- 
ing vertices. Thus we get one triangle ABC each 
aide of which is less than a semicircle, and we 
denote this particular triangle as the spherical 





© ' 
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triangle ABC. Thus in the figure, triangle ABC is 
that one formed by the ares ADC, AB and BC. 


D 
IC M 
А 


Р 
It follows from the above that cach angle ofa 
spherical triangle must be less than two right angles, 


For consider the triangle ABC having the angle 
В greater than two right angles. Produce the aro 
AB to meet the circle ACF at Е. Then the are АРЕ 
is a semicircle and hence the arc AEC is greater than 
a semicircle. Thus the triangle АВО having the 
angle B greater than two right angles is formed by 
the aros AB, BC and AEC of which tho latter is 
greater than two right angles. Such a triangle we 
have excluded from our consideration. Hence we 
conclude that 


‘The sides and the angles of a spherical triangle 
must cach be less than two right angles. 

The sides and the angles of a spherical triangle 
will generally be expressed in circular measure, 
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2.3. Formation ofa Spherical triangle. Let О be 
the centre of the sphere and suppose three planes 
form a solid angle at O. These planes intersect 
the surface of the sphere in arcs of great circles AB, 
BC and CA which form the sides of the spherical 
triangle ABC. 

A 


о 


ЕР 


B 


Now tl лов= _ысАВ _ 
ow the plane ange АОВ= род" 


_ ar BO are AC 
angle DOC Мо BE and angle A0C= EAT 
and as O4 OB OC, we see that the ares AB, ВО 
and CA afe proportional to the plane angles АОВ, 
BOO and COA, which they subtend at the centre of 
the sphere. 


If Ab and Ac are tangents tothe arcs AB and 
AC respectively, the angle A is equal to the angle 
bAc, which again is the angle between the planes 
AOB and AOC containing the sides AB and AC. 
Thus the angles of a spherical triangle are the same as 
the inclination of the plane faces forming the solid 
angle at the centre О of the spheres 
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2.4. Polar Triangle.* Ifa triangle is formed with 
the poles of thesides of a given triangle as its angular- 
points, itis called a Polar Triangle with respect to 
the given triangle. Thus if ABC be a given spherical 
triangle and A’, В’, С' be the poles of BC, CA and 
AB, then A'B'C' is the polar triangle of ABC. The 
triangle ABC is called the primitive triangle with 
respect to А'В'С/. Since there are two poles for 
each side, we should get eight such polar triangles 
with respect to the given triangle. But we call that 
particular one to be the polar traingle in which 
the poles 4’, B', C' lie on the same side of their 
polars as the opposite angles 4, B, C. 


2.8. Theorem. If one triangle be the polar 
triangle of another, then the latter will be the polar 
triangle of the former, 





Let ABC be a given triangle and .A'B'C" be the 
polar triangle. Join AB! and AC’, 


* The properties of the polar triangle were discovered, by } 
Snellius (1591-1625 A.D.). На Trigonometria waa, published: 
(posthumously) at Leydeo in 1627. 
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Now since В/ is the pole of AC, the arc AB! isa 
quadrant, and since C’ is the pole of AB, the aro ACT 
is also a quadrant. Hence A is а pole of B'C'. 
And since A and А' Но ор ће same site of BC, 
than а quadrant. Again as A is a pole 
nd AA! is less than a quadrant, A and A’ lie 
оп the same side of B/C’. Similarly В ія the pole 
of Л/С" and C is the pole of A'B’, and В, В’ lie on 
the same side of A’C!, and C, С’ on the same side of 
A'B'. Therefore ABC is the polar triangle of A'D'C', 








2.6. Theorem. The sides and ongles of the polar. 


triangle are respectively the supplements of the angles 
and sides of the primitive triangle. 


Let M and N be the pointe of intersection 
of AB and AC by B'C' (we fig, of Art. 2.6). 
Then AM and АХ are each a quadrant, 
because A fs the pole of B/C’ ; and the angle А is 
measured by the arc MN. Again B/N and C/M are 
also quadrants. Hence 





BIN + С'М = Ви + MÀ 
or B'C'28—4. 





=2 right angles, 


Similarly — 4/U—5—B and А’В’==-С. 
Again since ABC is the polar triangle of A/B'C!, 
wethave a 
BO-25—A, СА=я-В', and AB=7-C!. 
9— 


- 
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"Hence denoting the sides of the triangle A’B'C! by 
al, В, d, we have 


а'==-А, b'=s—B, and с'=я-С. 
and А'=т-а, В’==-Ь, and С'’=т-с. 


Note.—From the above property polar triangles are also termed 
Supplemental triangles. Any theorem involving the sides and 
ial triangle necessarily holds good for the polar 
fence for soy such theorem there ів а supple- 
mental theorem involving the opposite angles and sides, and it 
is obtained by changing the sidos and angles of the original 
theorem into the supplements of the corresponding angles and 
sides respectively. 











2.7. Theorem. Any two sides of а spherical 
triangle are together greater than the third side. 

Let ABC be a spherical triangle and O the centre 
of the sphere. Now any two of the three plane 
angles forming thewolid angle at О is greater than 
the third. Thus 

&АОВ+ 2 B0O > 2406 
AB BC AC 
© ON OR О 
that is, the sum of the ares AB and ВС is greater 
than the are АС. 

Cor. Any one side of a spherical polygon is less 

than the sum of all the others. 
ExAMPUR. 


Shew that the difference of any two sides of в spbefical 
‘triangle is leas than the third side, 
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2,8. Theorem. The вит of the threo sides of п 
spherical triangle is less than the circumference of a 
great circle, 


Let АВС be а spherical triangle, and О the centre 
of the sphere. The sum of the plane angles АОВ, 
BOC and COA forming the solid angle at O is less 
than 27. 


1 AB , BC , CA 
ie, “tat QA + Oa < 2" 





or AB + BC + CA < 2r.0A. 


Thus the sum of the sides is less than the circum- 
ference of a great circle. The angular measure of the 
sum of the sides is less than four right angles. 


Aliter. в 


At 


cC 
Let tho sides АВ and АС be produced to meet. at 

the point А". Then the arcs ABA’ and АСИ” are 

“semicircles. Now any two sides of the triangle A'BC 

are together greater than the third. Hence we have 

A'B + AC > ВС. 
Therefore, AB+A'B+AC+A'C > AB+BC+AC. 
or, ABA'+ACA' > AB+BC+CA 
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i.e., the sum of the sides is less than the circum- 
ference of a great circle. 





Note,—The above proposition can be easily extended in the 
саве of polygons. 


2.9. Theorem, The sum of the (hrec angles of a 
spherical triangle is greater thar two right angles and 
loss than siz right angles. 


Let ABC be в spherical triangle. Since seach of 
the angles А, В and С is less than т, we have 


A* DO < 3r. 


Again a'+b'+e' < 2r, where a’, b' and c' are. the 
sides of the polar triangle of ABC. But a'2z—4, 
Бет B, с'=т-С (Art, 2.6). 





Hence, =-А+=-В+т-б <2. 


or, A+B+C >= 


Thus т <А+В+С «8s. 


240, Theorem. The difference between any two 
angles of о spherical triangle is less than the supplet 
ment of the third angle. 

Let ABC be в spherical triangle and A/B'C/ be 
its polar triangle. Now any two sides of A'B'O' are 
together greater than the third. 


BW 2684 
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Henee, ab» с 

or, =—А+=-В> =-С 

ies, A+B < r+ 

Hence, A-C <я-В 

and B-C < =-4. 


Similarly, А-В < z-C. 


This theorem gives the limit of the third angle 
when two angles are given. 





Exauruss 


1. Givon two angles of a spherical tri to be 145" and 


80%) find the limit of tbe third angle. 
Here 4-15" and B=80* 





Hence * 145"—80"=05" < «-C 
or C < 180* - 65, ie. less than 118°, 
2. If the difference between any two angles be 90", shew 
that tbe remaining angle is less than 90°. 
3. Show thst the difference of the oblique angles of s right- 
* angled triangle is less than а right angle. 
А. Show that the sum of the angles of a right-angled triangle 
is less than four right angles, 
* 2.44, Lune. A Lune is a portion of the surface 
‘of a sphere enclosed by two great semicircles, ‘Thus 


© 2654 
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in the figure, the semicircles АВА” and ACA" enclose 
alune, A” is the point diametrically opposite to A. 


A 


A 
The angle BAC is called the Angle of the Lune. 
The triangles АВС and ABO are called Col 
Triangles, because they together make up a lune. 
‘The area of a lune can be easily expressed in 
terms of its angle, for, z 


Area of Lune _ Angle of Lune 
‘Area of Sphere 2s 


A 
==4дт% — = 3 
or, Area of Lune=4xr9 £ egAr?, 
where т is the radius of the sphere and А the circular 
measure of the angle BAC. 


1t B" and C" be points diametrically opposite to B 
and C respectively, we get two other colunar triangles. 
of ABO, namely BCA and C^AB. 
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2.12. Antipodal triangles. If the points A", B” 
and С” diametrically opposite to A, B and C res- 
pectively be taken to form a triangle, the triangle 
A" B'C" is called the Antipodal triangle to ABC. 





M 

The aros AB and A"B” join diametrically opposite 
points. Нерсе they are parts of the same great circle 
and are equal in length. So also the arcs AC and 
"C" are equal, as also the arcs BC and BYC". Again 
the angle А is equal to the angle A” for they are 
comprised by the great circles АВА”В” and ACA"C", 
Similarly B=B" and C=C", Hence the triangles 
ABC and A"B"C" have all their elements equal. If 
tle triangle A"B"C" be shifted from its place on the 
surface of the sphere till В” falls on В and C" falls on 
©, the point A” will not fall on А but will lie on the 
opposite side of BC. That is the triangle A"B"C" is not 
superposable on triangle ABC. Such triangles are 
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called symmetrically equal * as distiaguished from 
identically equal or congruent triangles which are 
superposable on each other. 


2.13. Two triangles on the same sphere are 
equal (symmetrically or identically) when they have 
the following elements of one triangle equal to the 
corresponding elements of the other triangle, 


(1) Two sides and the included angle, 
or, (2) Three sides, 
or, (3) Two angles and the adjacent side. 
or, (4) Three angles. 


‘The cases (1) to (3) are analogous to plane geo- 
metry, but (4) has no such analogue. It is derived 


from (2) by the consideration of the supplemental 
triangles. 


244. In this and the following articles are given 
some theorems of plane geometry which hold good 
in the case of spherien! triangles ав well. One such 
case has already been dealt with in Art. 2.7. 


Theorem. The angles at the base of an isosceles 
spherical triangle are equal, and conversely if two 
angler of a spherical triangle arc equal, the opposita. 
rides are equal, 


* This term is due to Legendre (1762-1833). See bis E'léménte 
de бетйне, Paris, VI, Def, 16, 1794. 





* 
Bee 3 
PNE eed 


. 
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Let АВС be a spherical triangle of which the 
sides AB and AC are egual. Таке D to be the 
middle point of AC. Join AD by a great circular 

“arc. Then the triangles ADB and ADC have their 
corresponding sides equal, each to each, and therefore 
they are symmetrically equal, Hence the angle 
B=the angle С. 

For the converse case, take the angle В =the angle 
C, and let A'B'C' be the polar triangle of ABC. 
Now т В and сет 0 
and as В. = 0, we have Ь'=с' ; hence В'= С". 
Again b=*—B! and сея 07. 
Therefore bc, i.c., AB and AC are equal. 


2.18. Theorem. 1/ опе angle of a spherical 

triangle is greater than another, then the side opposite 

* — to the greater angle is greater than the side opposite 
lo the less and conversely. 


A 


D 


„Let ABC bea triangle of which the angle A is 
greater than the angle В. Draw a great circular aro 


n 8—1 
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AD making the angle BAD=the angle ABD. Then 
the ars AD «the “are BD. .— 





м, 
But in the triangle ADC, — AD+DO > AC. ‚, 





* Therefor BD& DO Le, BC > Wer 
‘This convérse esie ia eusily proved with tbe help 
of the polar triangles. -` 
"uw 
wh uus 


1. When dem a poss Šoincide with the primitive 
triangle ? 





Ans, When each clement ëquals jv. 

2. H two small circles. o8 а. өреге touch each other, shew 
that the great circle joining their pales passes through their point 
of contact. 

3, If e trianglo is equilátéral, Бет Wat its polar triangle in 
also equilateral. 

4. If two sides of a spherical triangle be quadrants, shew 
‘hut the angles at the base are right angles. 

5, If all the sides of a spherical triangle bg quadrants, all 
cf ita angles are right angles, 

6. Iftwo sides of a triangle sri supplemental, shew that the 
‘opposite angles are slso supplemental. 

7. I two sides of a triangle are supplemental, shew that two 
sides of ita polar triangle are also supplemental. 

B. The base of a spherical triangle is given : find the locus of 
the vertex when the sum of the other two sides in equal to two 
right angles, 

Ans. pe dh Sein Wi SEM eiii sh nat 
ве pole. 














omat du С, i 
Révations BETWEEN TUE TRIGONDMETRICAL Ёоңстїон8 
Or THE SIDES AND tHe ÁNOLES ОР A SPHERICAL 


‘TRIANGLE. 1 
^ oca! mo ts 


3.1. Fundamental Formulae, Ерге: 
the cosine of an angle in terin oj the ‘sines and 
cosines of the sides, "ye ys „Ск тет? 











Let АВС be a spherical triangle and О the centre 
of the sphere. At A draw the tangente AD and AE 
to the ares AB and AC respectively. ‘They lie in the 

‘planes AOB and AOC respectively. Let them meet 
OB and ОС produced at the points D and Е. Then 
the angle EAD is equal to the angle 4 of the spheri- 
cal triangle. Join DE. 


From the triangle DOE, we have 
рез «OD? + GE? —9 OD.OE cos a. 
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Again from the ttimgle DAE, we have 
1. + DE*SAD? e AE2—2 AD.AE cos A. 
+ -Hence by subtraction wa have , 
0=0D2~ AD? + OE? AE? +2 AD.AE cos A 
3 & —8.00.0В cos a. 
+++ 0999 042-2 AD.AE cos 4—2 OD.OE cos a 
forthe angles ОАР апа OAE are right angles. 


= 040A , ARAD 
Therefore, cos а= 04.00. AED 


ie., cos a=cos b cos c- sin b sinc cos А. 


cos A, 


Similarly, cos b=cos с cos a+sin c sin а cos B, 
and cos се сова cos В + віп a sin b cos С. 


cos a—cos b cos с 


Hence cos A= - =. 
sin b sine 


сов B. 999 b—cos c cosa. 
sine sna ‚' 


005.0008 а cos b. 
з кош йан m * 
‘The above relations are the fundamental forndula* 


* The cosine theorem was implied in the rales of aneian? 
Hindu Mathematicians for finding the time-altitude and the 
alt-azimuth equations and the diurnal motion, and was used by 
them to solve spherical triangles. Cf. Panca Siddhantika, IV, 
4244, by Varahamihira (505-587); Вета Sphüta Siddhanta, 
IH, 9640; and Khondakhadyako, Ш, 18, by Brahma Gupta 
born in 508 A.D.; and Siryoviddhante, IIM, 94-95 (written 
about the 40 century), Tt was exhibited in a systematic form by 
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of the spherical trigonometry: АП other formule 
can be made to depend upon them.* н 


3.2. On referring to the figure of the last article 
it is seen that the angles AOD and AOE are acute 
angles, and hence the ares b and с containing the 
angle A are each less than а quadrant. No such 
restriction, however, has been placed upon the dre a, 
so that а may be greater than, equal to, or less than 
a quadrant, We shall now show that the above 
formule apply to all spherical triangles whether 
the arcs be greater than, equal to or less than a 
quadrant. 

(1) Let one side b be greater than а quadrant. 


A 


в 
ў, Produce СА and СВ to meet at C& Then 
Fi 


1 the German Mathematician Regiomontanus (1436-1476) in 1460 
ard afterwards by tbe Danish Astronomer Tycho Brahe about 
1500. Euler also gave a proof of the theorem in his Mémoires 
de Berlin in 1758, Some are of opinion that it was discovered 
by Albategnius (900 A.D.) who in fact borrowed it from the 
Hindu Astronomy. 

** As was shown by Lagrange (173-1818). See also Gauss 
(1777-1856), Ges. Werke, Vol. IV, p. 401. 
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C'A-z—b, and С'В==-а. Hence from the triangle 
ABO', we have 


сов В0'=соз AB cos AC'+sin AB sin AC! cos ВАС", 
Or cosa-cos b cos б+зїп b sin c cos А, 


(3. Next letb ando be each grostor than a quad- 
rant. 


B 


с 


Produce AB and AC to meet at А’. Then from 
the triangle A/BC, we have » 


cos BO = сов А'О cos A'B sin A'C sin mes Ў 
or соз a=cos b cos c+sin b sin с cos A, 
for A'C-z—b, АВ = z—c and А=А’. 

(3) Thirdly let b be equal to a quadrant. 


From AB or AB produced cut off AD equal tor a 
quadrant. Join CD. 


FORMULA FOR SINE OF AN ANGLE 81 
Now if CD be a quadrant, C will be the pole of 


A 
А 
С 
D с 
р с 
B 


АВ, and the formula becomes 0=0. И CD be not 
a quadrant, we have from the triangle BCD, 


cos a=cos BD cos CD+sin BD sin CD cos BDC 
=sin с cos A 


for cos ВЫС=0. The formula also reduces to this 
when = фт. 

14) Lastly let b=c= фт. Then our formula re- 
duces to cos a=cos A, as is otherwise 
A is the pole of BC, Thus А=а. 





‘Thus our formula is universally true. 


3.8. Expression for the sine of an an£le. 


cos а —сов b cos с 
We have сое Ase UE У, 
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"Therefore 


sin?A =l- 





А 
gug.o—cos book c 
sin b sin c 
sin?b віп? — (cos a — cos b cos c)? 
Sin?b sinc 
= (1 cos*b)(1— cos?c) — (cos a -cos b cos о)? 
sin?b вїп?с 





= 1—вов®а —cos?b — cos?c +2 ооз а cos b cos c 
sin?b вто 





so that 
Е 
ыы с +2 сова cos b сово} 
sin b sine 





Аз sin А, sin b and sin c are all positive, the 
radical must be taken with the positive sign, 

For the sake of brevity and owing to the import- 
ance of the expression under the radical sign, we put 

4n? =1- cos*a — cos?b — соз®с +2 eos а cos b cos о, 
во that. 





m із called the norm of the sides of the spherical 
triangle.* 

* This nomenclature ів due to Professor Neuberg of Liege- 
Professor Von Staudt (1798 1867) calls 2n the sine of the triangle 
ABC. See Crelle's Journal, XXIV, 1849, p. 259. 
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3.4. From the value of sin А, we have at once 


sin A sinB sinl _ 2n 
sin a sinb sinc sinasin b sino’ 





i.e., the sines of the angles of a spherical. triangle are 
proportional to the sines of the opposite sides, 

Owing to the importance of this result, we give 
an independent proof of it in the next article. 


3.8. Rule of Sines. The sines of the angles of a 
spherical triangle are proportional to the sines of the 
opposite sides, 


B 


Let ABO be a spherical triangle and O the centro 
of the sphere, From А draw AX perpendicular to 
the plane BOC, and AY and AZ perpendiculars on 
OB'and 00 respectively. Join OX, XY and XZ. 


3 
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‘Then since AX is perpendicular to the plane BOC, 
it is at right angles to OX, XY and XZ. 


Hence — 04?-0X?  AX?, AY? c AX? e XY? 


and AZ*-AX? 4 XZ?. 
Also 04?—0Y? - AY? 












‘Therefore, 0Х2= 042 — AX? 
=0ү?+хү? 

Similarly, 0Х2= 042 АХ = 07? 4 AZ? - AX? 
= 022+ X22, 


‘Thus XY and XZ are at right angles to ОВ and 
ОС respectively. 

Now since AY and XY are in the planes OAB 
and OBC and are at right angles to their line of 
intersection OB at Y, the angle AYX measures the 
angle B of the spherical triangle. (Art. 2.8). Similarly 
angle AZX measures the angle C. Hence 


AX —AY sin AYX = АУ sin B = 04 sinc sin В 
and AX=AZ sin AZX = AZ sin С= ОА fin b sin С. 
Ты sins op anor? 
Since B and C are any two angles of the spherical 
triangle, it follows that 
sin A sinB _ sinc” 
sina sind sinc 
* This theorem appears in a different form in the Эга book 
of the Sphaerica of Menelaus of Alexandrie (100 A.D.). It was 


also koown to АЪТ Се (040-908) of Arabis and possible jo bis 
contemporary Abt М. 
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3.6. Analogous formulae in Plane Trigonometry. 


‘The sine snd cosine formule in the previous articles bear 
some resemblance to the corresponding formula in Plane Trigono- 
metry. In fact the latter can be derived from the former when r 
the radius of the sphere is taken to be indefinitely great, for then 
tbe great circular arc reduces to a straight line and the limiting 
form of the proposed formula becomes the forinuls for Plane 
‘Trigonometry. 

Let a, В, y be the lengths of the sides of the spherical triangle 


ABC, then , ^, 7. are the circular measures of the sides, r 
being the radius of tbe sphere, From Art, 3.1 we have 


сов а— cos сове 
sin b ain c 








jo ы? 
sin T. sio? 


Expanding ilie sines and cosines in series, we get 








Hence, retaining terms involving only ор to 1, and taking r 
to be infinite, we have 
cos A= 





Bt y! 

> 28у 

‘which je the expression for the cosine of sn angle in terms of 
‘the sides in Plane Trigonometry. Е 
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Similarly for tbe sine formals we have 





rt sint 
sind _ sina B 
зо В 7 snb i, A 


which on expansion becomes 





Hence taking r to be infinite, we have 


мо 4 


ма B 











plane triangle the sines of the angles are proportional 
to the opposite sides.* 


> 


3.1. Distance between any two places on 
Earth's surface. 


. Let A and B be two places on Earth's surface 
and let their latitudes and longitudes be 11, 1, and 
A, Ag respectively, Take P as the pole of the 


* This formula is implied in Khandakhadyaka, VI, 1, by 
‘Beshmagupta, See the English edition by JP. C. Sen"Gupte, 
р. 15, 
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Equator and draw two secondaries to it through А 
and В respectively meeting it at а and b respectively. 


P 


N s 


х 


Then Аа= 11, Bb=l and ab=Ag—Aj. 
Now from the triangle PAB, we have 
сов AB=egs РА cos РВ +в PA sin РВ cos APB 
or denoting the arc АВ by à, we have 
cos $=sin l} віп lẹ + сов !, соз lg сов (44 —As) ... (1) 
This formula can be put in another form, from 
which à can be obtained when А and B are very close 
to each other. For we have 
сов 8=sin 1, sin ls(cos? }(Ay—Ag) sin? (A; —Ag)} 
+ сов І, cos ls (cos? (Ау Аз) вт? (А, 7A3)) 
* = сов (1—1) cos? Ал Аз) сов (141) 
sin? А-А). 


е: 
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Subtracting this from 
1=соз® 40, — As) sin? (А, Ag) 
we get 
sin? Poet 304 -А,) sin? 40, —1,) 
+81? 4(A,—Ag) cos? $, +15). ... (2) 


Hence when А and В are very close together, the 
approximate value of 5 is given by 


$2,715) + (Ay Ag)? cos? Ally +1). ... (8) 


EXAurits товктр ост 
Ez.1. If D be any point in the side BC of а triangle АВС, 
shew that 
сов AD sin BC=cos AB sin CD +соз AC sin BD. 


008 AB cos AD cos BD 
We Nees ne АРАБЕЛ СЕ da BO 


н manent a iepen, 
But cos АРВ ~ —cos ADC. 
Hence cos АВ sin CD + соз AC sin BD 
cos ADísin BD cos CD eos BD sin CD) 
=cos AD sin BC. 
Ez. 2. To any triangle, shew that 


sin (4+8) _ cos acon b 
^ deca * 
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Webaye sin (A+B) _ sin A con B+cos A 
€ sin C 


сов b= 





а сов c, cos a—con b cos e 
sin х 


by Arts. 31 & 3.4 








_ соза + cos 
1+е с 


Ex. 3. Ifa, В вой y be the arcs joining tbe middle points 
of the sides of а spherical triangle АВС, shew that 











cosy cos b + cos 
с b cos © 
cw dcm $- cos g- con $ 





‘The arc a joins tbe middle points of b and c. Hence we bavo 


b coe ® b ust 
a= © cord 
cos amcos 5 cosg- +sin о. sia сот 


con ае sain P ain & 208 0— 600 Воно 
con араа tain g ain у ecb Art 3.1 


(1 + cos Я + cos c) + cos а—соз b cos c 
ЕЕ а-на: 
4 con 5 cos т. 


14 cos a + cos b + cos 
Lr ее с, 
LIII 





„ ва _l#cos ateos b+cos c 
b 
4 cos $- cos 0 cos £- 








Similar expressions are obtained for cos 8 and cos y. Hence the 
result. 





40 SPHERICAL TRIGONOMETRY 


Ез. 4. Ina spherical triangle ABC, great circular aros а, В 
вай у are drawn from the vertices А, Band C perpendicular to 
the opposite sides and terminated by them. Sew that 

sin в sin emain b sin Amain c sin Y 


= УП сова — вой — coste +9 оов а cos b cos c) 
(0.0., М.А. & M.Sc., 1932.) 
A 


C 


D 
Let e, Band y meet tbe opposite sides in D, E and F respec: 
tively. ‘Then from the triangle ABD, we have 
sin asin c sin B, by Art. (3.4). 
2 sin a sin amain c sin B ein c. 
Similarly from the triangles BEC and BFC, wehwve- — 
sinBesinesinC and sin y=sin a sin B. 
‘Hence sin о sin a sin b sin 8=sin C sin y sin а sin b sin С, 


ELLE II 
= V/(1 —cos"a—cos*h—cos*e +2 cos а сов b oos c). 
Definition. ТЬе length of tbe great circular are, drawn from 
‘tbe vertex of a spberical triangle perpendicular оо the opposite side 
ара termipated by it, is called an Altitude of the triangle. (Thos 
‘in the above example е, В and у are the three altitudes of the 
triangle ABC. 
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‘The above example shews that 


The product of the sine of a side and the sine of the cor- 
responding altitude has the same value, whichever side be taken, 

Ez. 5, Two ports are in the sume parallel of latitude, their 
common latitude being I and their diference of longitude 2A; shew 
that the saving of distance in sailing from one to the other on the 
Great circle, instead of sailing due east or west ia 


2r {A cos 1—sin7 (sin А cos 0}, 


^ being expressed in circular measure, and r being the radius 
of the earth, 
6. 0., M. А. & M.Sc. 1981.) 


С 


ccs 


Let a and b be the two ports. Through tbe pole P of the 
small circle ab draw grest circular агса:Рай and PbB to meet 
‘the great circle of which P is the pole (the equator) at A and B. 
‘Then AB is the difference of longitude. 

Let the arcual distance ab slong the small circle be s sod along 
a great circle be d, во that their respective circular messures are 


dd 
gu v. 
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Now by Art. 1.14. 57596 cos AQa=cos l 





are АВ 


fd cosl. 


4 E E 
А сов (T-I) aint (= =I) оов 2, 
nin cos они (Г) enin! (E 1) cos 
sin? + cos"! cos 2. 
е 
Hence 2 sint сон" 1-а" | cos 2A=9 cost! айо", 


(cos I sin X). 








Hence the required saving of distance 


(in A cos 1) 





=2r A cop 1—2 r 


in A сов]. 





=2r [^ cos [аір 


Ехаммлв 
1. It A=a, sbewthat B and b are equal or "supplemental, 
as also C anà с. 
2, The base BC of the triangle АВО is bisected at D. 
Shew that 
@) cos AB +cos АС= cos AD. cos BD. 


(6) sin BAD :sin CAD sio b s sinc, 
8, То ва equilateral triangle, shew that 
(9 эесА=1+веса, 
а ой 
(0 20» Fein Tl 





(90) taot — 1-8 con А. 
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4, Изо angle of a triangle be equal or supplemental to tbe 
opposite side, shew that 
1—secta — sec% — secte +2 вес a sec b sec c= 0 


5. If 8 bethe length of the arc joining the middle point of 
the side AB with the vertex C, shew that 





6. The base BC of tbe triangle ABC 


з point Y is taken on BC such that the £BAX= С САУ. Shew 
that 





sin BY : sin CY esi? c : sin? b. 


7. In a triangle ABC, а, 8, у are drawn perpendiculares from 
tho vertices А, B, C on the opposite sides. Sbew that 


(0 ain a cos а= v/{e0s% + coste—2 cos a cos b cos е], 
(i) sin b cos B= „7 [costa + coste—2 cos a cos b сов с), 


(iit) aino cos y= v [eosta + costb—2 cos a cos b cos с}. 
8. Provegjhat 
визе sinta sin% sinte sin A sin B sin С. 


9. In any triangle, abew that 






sin C 


10. Ifa be the arc joining the middle points of the sides A'B 
and A'C of the colanar triangle of ABC, shew that 
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11. Иа, Вава у be the ares joining the middle points of the 
‘sides of в spberical triangle, shew that when one of them isa 
quadrant, the other two are also quadrants, 

19. А port is in latitude! (North) and longitude A (East 
Shew that the longitudes of places on the Equator distant 5 from 
the port are 








лаа (52). 


(Science end Art Ezam. Papers.) 





18. Twoplaces on the Earth's aurface are distant, one & 
from the Pole and the other @ from tho Equator, and their 
difference uf longitude ie ф: shew that the angular distance 
between them is 

0! (sin 9 8 cos? ө). 
(Science and Art Bram, Papers.) 


3.8. Expressions for the sine, cosine and tangent 
-of half an angle, 
We know that 


cos A=1-2 sin? ^ 








"Q 
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Put 2s=a+b+c, then s denotes the half of the 
sum of the sides of triangle, and 
a+b-c=2(s—c), a—b+0=28—b) 
so that 


sin? Аш®в (8—0) sin (1—0), 
rim sin 


y rS sin sin (s—c) |* 
ка v| sin b sin c i 
B 
2 


| sin (s—c) sin (s—a) 
| smesina 








Similarly, sin 


с sin (s—a) sin (8—0) 
ot “шады м ий sin a sin b 
Again, 


А 1460s А 
jS = = 
SRE 2 


m i сов a—cos b сов c 
ў sin b sin c 





— [eos асов 6+6) 
$ sin b sino 


sin 4 tito) sin] (b+0—a) | 


sin b sin © 
=n s sin (8—0) 
sin b sinc 


* Obtained by Euler (1707-1783) in 1753. 
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2 и sin a аа). " 


|> 





Непсе соз 


sin b sin c 





Similarly, eos 


and 


$ 


мо юш ы 
1 I 
<= 
e 


From the above results, we get 





tun 2m |, 


Vl sin (s—a) sin (s— b). k 


sin в sin (s—c) 


[7 


" 
and tan = 
"Tho rádicala in tho results of this artiols must be 

taken with positive signs, since the half angles are 

each less than a right angle and hence their sines, 
cosines and tangents аге all positive. 


3.9. Again’since sin A=2 sin cos A, 





we have х . 
sin A7 шы Itin inte Din @-)}%. 


* Euler, і, с. 
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Comparing it with the expression for sin 4 as given 
in Art. 3,8 we get 


n? sin s.sin (s—a) sin (s—b) sin (s—c) 





= 141-0082 — costb —costc +2 cos a cos b оов c). 


3.10. Analogous formulae in Plane Trigonometry. 


Taking a, В, 7 to be the lengths of the sides of the spherical 


triangle, wo have 





and .7 as their circular measures. Then 


-p eei 


" 
where , да+ 8+7. 





Hence on expanding the sines aod cosines, we bave 





C iv Qu 


UE DS 
» 


^ 
‘Thus retaining only up to the second power of rand taking r 
to be infinite, we get 
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for the relation for a plane triangle. 





Again from the relation 
__ S[sin s sin (s—a) sin (s —b) ain (e—e))* 





2n 
sin Amb inc sin b sin c 


we get 


е де аи 
во that the area of the plane triangle ABC № 
дев’. 
‘This form is дое to Heron of Alexandria (50 ^ 


Езлмиаз 
Та any spherical triangle, shew that 


1, Ба М tan Be Ed 





3. cob bd + cot MB : өй вов —): ісце) «sin (0—0). 


з. sin om 50048 C0840 gin a, 


& sin coe SEA AC. ain a, 

5, ain s sin asin b ain c sin $A sin $B sin Cert, 
48 sing 

6. coseo FA = ait E17 А, 
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3.11. Expression for the cosine of a side in 
terms of sines and cosines of the angles. 


Let a'pb' and c' be the sides and 4’, В’ and 0" 
the angles of the polar triangle of АВС. Then by 
Art. 8.1 we have 


cos a'=cos b! сов с' + sin b! sin с’ cos A’, 


Substituting the values of a’, b, с’ and А’ from Art. 
2.0 we have 


сов (т— А) =сов (s — B) cos (т—С) 
+sin (z— B) sia (+-0) cos (=-а), 
me that is, сов A= —сов B cos C + віп B sin C cos a. 
"Binilacly, ia B — 008 C сов Акыр, О аш оой 
and сов C —соз А cos B +ain А sin B cos c. 
_ These * сап тво bo written as 


cos а:908 А +008 В сов C 





sin Ваш С ' 

е ep a gos В oos С cos A 
мед Y 

A сов C+cos А cos B. 
um ES Om үтү Жы 


* These rome are due to the French Mathematician 
(1540-1003) “who published them in the eighth book of 


riorum de rebus mathematicis responsorum in 1808. 


е xd et 
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342. Analogous formula for plane triangle. 


"When r tbe radius of the sphere is taken to be infinite, we 
ave 


: 
con amies el. 
Hence the formula 
cos А = —cos В cos C * sin B sin C cos a 
becomes сов А = —cos B oos C + gin В sin С 
зо that В+б=»-А or А+В+С=+, 


showing thit the “three angles of a plane triangle are together 
‘equal to two right angles. 


3.13. Expressions for the sine, cosin& and 
tangent of half of a side in terms of sines and cosines 
of the angles, 





TEES 
Wehavesin? 5 = 


=i 1 — 08 4 +008 B cos C 
: sin B sin б > 


К pak NL Ll n 
е ce c e cj 230004 040-4 
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Putting 25 =А+В+С, we have 


* 





БЕЛЕЕ 


with similar expressions for sin 4b aad sin 1c. 


за _1+еша © 
Again сов? = == 


" арешт 1 
Бус de шта Vx - 
жя Сы 
у m— 40-9 
= sin B sin 


$ m mc 
. i = 


+ 





59. SPHERICAL TRIGONOMETRY 


16 is to be noted here that the value of 5 lies be- 
tween `фт and jx. Hence the value of cos S 
negative and tha values of S—4, S~B and S—C Ме 
"between. —4s and фл (Arts. 2.9 and 2.10) so that their 
> ^ cosines are positive, Hence the expressions within 
brackets are positive so that the values of sin фа, 
бов ja and tan ja are all real and positive. 
The above results could have been obtained from 
the results of Arts. 8.1 and 8.8 by changing the sides 
2 # and angles into the supplements of angles and sides: 
# ‘They illustrate the proposition that if а theorem holds 
"good between the sides and angles of a spherical 
- triangle, the theorem will remain true when the 
sides and angles are changed into the supplements 
of the corresponding angles and sides respectively. _ 
(Art, 2,6, mote) — = %. 


3.14. Expresslon for the sine of a side. 





» uve: sin a=2 sin ja cos jo d i 
DT | ой con [SA)eos(9— Beos —0)} - 


+ 
Е Westen te symbol N to denote - $9 
+ 
2 , 1-98 jos 5-4 "Pur елы eos (30; ар 
we х 
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Thus + t 





tá 2N=sin а sin B sin C=sin A sin b sin ¢ 
- +. 


* =вїп A sin В sin c. Ф 


М ів called the Norm of the angles * of the spherical 
triangle. - 





& _ EXAMPLES WORKED OUT hac 
Bel. To aby triangle shew that © 2. = 
“ee 
we. ж д 
JWétave cos д con Bom sin B ain C coe a 


and con® con 4 cos C sin A sin C cos b. 
Adding these we get Á 

сов A +508 B= — con C (con A + cos B) 

“в Lt lin © (sin В eos a+ sin A cos b) 


whence, (cos A + соз B) (1 сов С) 





= aint c (ein b cos a+ sin a cos D) 
аач" s by Art. З. 








Thus 
-e Doe ae Profenor Von Staudt calla 2N 
ine Of the polar triangle. for N were given 


by Lexell in Acta Petropolit 
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Bz. 9. 106 nod # denote tbe angles which tbe internal and 
external bisedors of the angle C make with the side AB, 
shew that К 

соз 4 = cos В 
ew do dos C 


eos Atos B 
and cos = AT. 








et and V be the lengths of the internal and external biseotors 
ойне angle and let them meet AB al D ànd Е respectively, 
making with it the angles ® and’, Then from the triangle ACD, 
have by Art. 3.11 E 


onde е С 
Similarly tora tbe triangle BD, we have 


s Bacon tem 40 ж. 
atem eno 





Equating these two values of cos 3, wehave e ` 
- 
con A ~ con | 
+ em aie 


‘Again from the telangls AEC and BEC, we have 
оов Аже воз r+ 0) 
cA аган 
лр Lee (ec Bi 4 con # en М=—@), 
а» кыЛ = 
эше Lese. 
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. 
Exawrtes © „у 


1. If the side BC of the triangle АВО be a quadrant: shew 
that 
сов А + cos В cos C 0. 
2. In any triangle, shew that 
cos4—cos В win (0-а) 
1+ с08 C sine 


8. In any triangle, shew that 





“м E sin a=b) sin с о 
x e A-c B „ ^t 
and aM Oc — "12 (2+0 чае =0, —, 
4. In an equilateral triangle, shew that “ 
tant 91-32 cos А. 
>” ~ + 


5. Show that ~ 
4 М-1-с0%? A—cos! B—cost 0—2 сов A сс» B cos С. 


6, JM n, By у be the ares of great circles drawn from A, В, С 
perpendicular on tbe opposite sides and terminated br then, shew 
that А е 

© sin А sin amain B sin Basin Cain y=2N, а 

(i) sim a sin a=sin b sin B=sin e sin y=2n. 





7. Prove that о De 
sina 
sind 
8. Prove that 
2: i. 
sipesinbDeme’ + 
. - м c9 


E rrr rr 
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э. Shew that 

9N = (sin a sin b sine в.д sin? B sin? 0)4, 
10. Shew that $ 

4л = sin asin b sin c sin A sio В sin С. 
її. Shew that 


ae b; Rann -B: E 
tan dan у с tang meos($74) : cc 8— B): сом8—0). 


23. Sbew that 


sin? a жай! Ьжэйй © | Leon a cos b cose 
BaF A sin? B+ sin? C714 cos А cos B сов C ^ 


(Dublin University Examinetion Papers.) 
14. Shew that 


сон (8— A` _ cos 4b cos 
4 - and сов * м 
15. Shew that 


Lees g= tit do sin 6 sin C 
cheer 
* А 
16. Shew that 
сд ja con (8—4) = өй b cos (S—B) че e cos (6—0) 
etn gat са de cos S= 
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3.8. Relations existing between two sides, the 
included angle and another angle. я 
Cotangent formulae. In any spherical triangle, 
cot a sin b = cot A sin C + cos b cos C. 

We have 
cos а = cos b cos c + sin b sin c cos А 

= cos b (cos a cos b + sin a sin b cos C) 


in b sin a sin C cos А 
in А 


by substituting the values of sin c and cos c. 








Thus 
cos a (1 —сов? $) = sin a sin b cos b cos C, 
+ sin a sin b sin C cot А, 
ог, cos a sig? b=sin a sin b (cos В cos C-+cot A sin C), 
ies cot a sin b = cot А sin C + cos b сов C. 
Ву proceeding similarly we can get five other 
formulae, namely, 
cot b sin а = cot В sin C + cos a cos C, 
cot b sin c = cot B sin A + cos c cos А, 
cot c sin b = cot C sin А + cos В cos А. 
e  eotesina = cot C sin В + eos а cos В. 
cota sin с = cot A sin В + cos c cos B. 
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Ot the four elements entering into any one of the 
~ formulae it will be noticed that one side lies between 
two angles and one angle is included by the two sides, 
and if we denote them by 1 and 2, and the remaining 
side and angle by 8 and 4 respectively, all the for- 
mulae * are expreased in the form 
. | sinl эш2 | 
cos 1 cos 2 = | 
| eot4 cot 8 


3.16. Napler's analogies. 
We have е 


_ tan ЗА tan ¿C+ tan $B tan jC 

ton КАЗ B) tan go= аз Ма ма ind. 

Substituting the values of tangents from Art. 3.8 
we get 


tan (А + В) tan 40 = 8 





сов da-b) ^ 


$ tM. х сов (a +6) ` 
cos $ (a—b 
Thus, tan (D) tan {сг 20), Fn 
Бішіану, > 
> = sin E (a—b) 
Tanp (AB) tan AIT. 0 


* Dr. Lesthem states the formula in the form 
(cosine of inner eide) (cosine of inner angle) 
= Gine of inner side) (cotangent of other aide] 
= (sine of inner angle) (cotangent of other angle). 
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Again by substituting the elements of the polar 
triangle in (1) ‘and (2), or proceeding as in (1) and 
(2) with tangents of half sides (Art. 8.18) we get 

tan }(a+b)_cos}(A—B) | 
tan с cos (А+ В) „=. 08) 
tan }(a—b)_sin}(A—B), 
tan {с 
The above four formulae are known as Napier's 
analogies.* 

As a, b and C are less than я (Art. 2.2), cos 1(a—5) 
and tan $С are essentially positi Hence in 
(1) tan КА + В) and cos $(а+5) must have the same 
sign. Therefore }(4 + В) and $(а+5) must either be 
both greater than фт or both less than фт, 
4(A+B) and 4(a--b) are of the same affection. The 
same result follows from (3) alao. 3 


3.47. Delambre's analogies. 
We have sin 4(4-- B) =вїп 44 cos {В + сов 44 sin $ В. 
Substituting for sin 44, cos $B, ete, their ^ 
equivalents from Art. 3.8, we get 
sin ава Быт (a), /sin sso) 


nnd 















= 06-0 + sin (s-a) изо 
sin с 


2 sin 4e cos 800—0), 40, 
sin c 


* Napier (1550-1617) discovered these analogies and published 
‘them in bis Mirifiei Logarithmorum Canonis Descriptio in 1614- 
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sin А+ В) _ cos 3-5) © 


Hence ЗВ аа ae eee. @) 
Similarly, = 
ain 4 и 78) ata Ы, - (2) 
и ое, e (8) 
adi cos (А-В) _sin }(a+b) (4) 


00 = singe * 07 


The above four formulae are known as Delambre's 
analogies and were obtained by him їп 1807, though 
Published afterwards in Connaissance des Teme., 
1809, p.443, Sometimes they are improperly called 
Gauss's Theorems,* 





3,18. Nopier’s analogies can easily Бе obtained 
from those of Delambre. Thus dividing (1) by (8) 
and (2) by (4) we get the first two analogies of Napier. 
Similarly dividing (4) by (8) and (2) by (1) we get the 
other two analogies of Napier. Delambre's analogies 


* According to Professor Simon Newcomb (1835-1909) these 
analogies were first published anonymously by Delambre (1749- 
1829) although Gauss (1777-1855) was the first to use them in 
Spherical Astronomy. Gauss published them in Theoria motus 
corporum coelestium in (809 and Mollweide in Zach's 
Correspondenz in 1808. 
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also may be obtained from those of Nj 
squaring the first analogy of Napier, we hi 


^ Thus 


у__.0082 3a— b) 
tan? АВ d 78) cot? 4C. 


Adding 1 to both sides, we get 

sec? А+ В) 

cos? 4(a— b)cos? $0 + сов? 4(a-& b)sin? 4C 
+ 


cos? (а + b) sin? {С 











LM eos (a—b)}eos? 4C + {1 + cos (a +b)}sin? 4C 
сов? $ (а + b)sin? 4C 





All + cos а cos b+sin a sin b cos C) 
E cos? (a + b)sin? $ 


__ Mec) — ___ сов? фе 
cos? (а + уаш 4C ^ cos? f(a + b)sin? {С 


cos (А+ В) _oos bla +b) 
эмее T "a ' 
which is the third analogy of Delambre. Othef ana- 
logies can also be obtained similarly. 


8.19. Deduotion of the analogies of Napier and 
Delambre. = 

We have from Art. 8.4 
sin A _ sin 
sina sin b 
sin A4sinB _ sin С Q 
minazsinb sinc" = 











sinc" 


sð that. 
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Again we have from Ex. 2, p. 89 





And from the polar triangle of АВО, we get (Ex. 1, 
р. 89) 





а+Ь)_созА+соз В 
ano ^ 1-60 ` e 





Hence 


віп A+sin B sina-sinb віп С sin о 
сов А + cos В sin c 1-сов б ` sin (@+5)' 


or, tan а Be C cot 40, - 





which is Napier’s first analogy. 

Again 

sing+sinb _sinA+sinB sinc ^" sinC 
сов a cos b sn — 1+совс sin (A+B) 


or tan а) £00 OD tan jc, 


which is the third analogy of Napier. - 

On taking the negative sign in (1) the other two 
analogies are obtained in à similar manner. 

Next consider the colunar triangle ABO where 
А" is the point diametrically opposite to Аз Por 
this triangle A anda are unaltered and the other 
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parts are changed into their supplements and (2) 
becomes (Ex. 9, p. 43). 
sin (4—B) _ cos b—cos a 
ain 0 1—совс o 
and from the polar triangle of A"BC, we get (Ex. 2, 
p. 55) 
sin (a—b) „оов B—cos A © 
sinc 1+сов C S ACA 


‘Multiplying (1) by (5) we get 


win 4-sin B cos B—cos A _ sin a sin b sin(a—b) 
Таш 0 1+сов 0 зто ^ sino ' 





sin? 4(A+B ы 
Я сов? {С sin С sin? c 


віп? (4+ В) _ cos? y(a—5) 
or, MU wie. by (4), 


which is the first analogy of Delambre. 
Similarly multiplying (1) by (8) and dividing by (2) 
we get ^ 


вов 4(А— В) sin yat b) 
sin f singe" 


‘which is the fourth analogy of Delambre, 

“Оп taking the negative sign in (1) and multiplying 
it by (8) and (6) respectively, we get the remaining 
two analogies of Delambre. 





or, 
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ExawPs WORKED OUT + s 
Bs. 1. И a spherical triangle is equal and similar to its polar 
triangle, show that 
U) sec msec b me c+ tan b tan c, 
(2) seo? A tec! В + веб? C2 soc A soc В seo C=1, 
(Science and Art Exam. Papers.) 


(1) We bave cos асов Б соз с + зїп b sinc сов 4, by Art. 3.1 
con b cos c sin b sin c cos (ra) 
mcos b cos e—sin b sin с con a 





for АА’ ив. 





Dividing both sides by cos a eos b cos е and transposing we get 


aec a see b soc е tan b tan с, 





(3) We have cos а=сов b cos c sin b ain ¢ cos A, 

ог cos (w — А) оов (= — B) eos (т — C) + sin (—B) sin ("— С) cos А, 
—A' =A, ве. 

Hence —сов А cos B cos C sin D н 


for a 





C en A, 





Or,  —sec B sec С=зес A+tan B tan C, 
. 
ог, sec? A aec! В sec? C42 sec А sec B seo Ce tan! B tan? C 
sec D sect б веб? B sec C41, 
whence sect A + sec? В + вес? C42 sec A sec Doo O=1. 
Ег, 2. Three great circles are drawn through a point P on the 


surface of a sphere, cutting the sides of the spherical triangle 
ABC and making with them the angles б, $1, Vi: вы ay Vr and 


y xe $a respectively. Shew that > 
cos cosp я | ` о. 
си coses сов фа |0. — "RS 


сов бу con y сов фу <$ 
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Let the three arcs cut tbe side a at the points L, M and N, 
and let PL and PN make the angles a and В with РМ. 
‘Then from the triangle PLM, we have by Art. 8.11 








_ воз reor а con PML „ cos боза con ty | 
een sin sin PML ТЛ 





Again from the triangle PMN, we bave 


— cos 6) + cos В con бү 
coe Pit in Bala в 


Hence (cos & — cos «cos бу) sin B = вір а{— cos #; + cos В соке) 









or, cos б sin В + cos бу sin а = сов 6; sin (а +В). 
Similarly, cos $i sin B + сов фу sin а= сов $: sin (а+8) 
and сов V, sin B+ cos фу sin «con Yy ain (а 





Hence eliminating sin e, sin В and sin (8+8) from the threo 


equations, we get . 


4 cos cose, соз 
Ж сов йу cos фу созфу/=0. 
+ сов Фу cos фу cos y 
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Ег. 3. If two great circular ares are drawn from the vertex С 
‘of a spherical triaogle ABC, one perpendicular on AB and the 
other bisecting the angle С, and $ be the angle between them, 
shew that 





] 
0 tan А-В). 





(Dublin Univ. Ezam. Papers.) 


Let the perpendicular and the bisector meet AD at D and E. 


respectively. 
From tbe triangle CAD, we bave by Art. 3.11 


-wA 
о 0) 


and from the triangle CBD, we get 


сов А sin GC—9) 
E $3 шот 
cos A~cos В _ sin GC—9)—sin QC 
Hence cos dcc D Cain GO=9) caia 4049 
or, tan МА +B) tan HA—B)=tan ө cot 30. 


Hence substituting the value of tan {04 + В) from Napier'a 
first analogy (Art. 3.16) we bave 


сон (а) 


Mn t^ ааа 
- 
Note.—Substituting tbe value of tan $(4—B) from Napier's 
second analogy we get » 
tan p= SMOD) tan 34 +B), . 
© " 


EXAMPLES er 


Ez.4. Ш 8 be the length of the aro through the vertex of 
эп isosceles triangle, dividing the base into segments а апа B, 
shew that E 


tan ja tan $6=tan (2+8) tan Ha—3), 





where a is one of the equal sides of the triangle. 
1C.U., М.А. 4 M.Sc., 1994.) 
Let АВО be ап isosceles triangle having АС= BC, and lot 8 


meot the base АВ at D. Then from the triangle ADO, we have 
by Napier's third aoslogy (Art. 3.16) 


oso 0-4) 
tando = рау nde 
where D represents the angle АРС. 





Again from the triangle BDC, we have by Napier's fourth 





m (D4 A) 
coe 0-4) n M 


Hence multiplying, we get 
tan Ка +8) tan #(@—$) = tan фа tan 48. 


> Es. 6. Ite, , с, d be the sides of а spherical quadrilateral 
Maken in order, 8 and 8' the diagooals, and $ the аго joining tbe 
middle points of the diagonals, shew that 

* 








сова + сов b +con c teos d 
^ queo A on B cos M 
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Let the diagonals meet at P and let E and F be their middle 
points. 

Let PC and PD be denoted by = and z’ so that PA i-a 
and PB=2'—2'. Let the angle APB be?. Then 





cos a= cos (8—2) cos (1—3) «sin (3—2) sin (8 —2 cos 0, 
cos b eos (0 — =) cos z— sin (V —2/) sin x cos 0, 
cos c=cos 2 cos z+ sin т sin 2’ cos 
and сов dcos (8—2) cos a’—sin (8—2) sin z’ cos & 
"Hence con a+ cos b+ cos o+cos d 
= (ов (82) + cos z} [cos (87—27) + сов 2'} 
+ сов 0 [sini — z) — sin z] {sin(8’—2')—sin =} 
=A cos $8 cos $8" cos (8—2) cos ФР) 
+4 cos 9 cos $3 cos $8" sin (3 —2) sin ($8 =), 





Again from the triangle PEF, we have 
coa ф =сов (93 — 2) cos (M — 7^) + sin (93 — z) ain (487 — 2") cos €. 
Therefore cos а +сов b + cos c cos 4 = cos ф сов $8 cos 887, 


0010 + cos b+ conctcond в 
о, сов $ эшк! 


Ехлммаз 


1. In any spherical triangle, shew that 
соза tan В+ сов b tan A tan Cocos a cos b tan A tan В taa б. 


2. Та any spherical triungle, shew that ^ 
sin b sin c + eos b cosc cos A=sin В sin C—cos В соз С cos as 
(Cagnoli.), 

(Dacca Uni., 1982) 
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3. Prove that 

2 cos {(а +b) cos 3(a—b) tan jomsin b cos A +sin a cos В, 
and tao (4 +6) tan (D—b) «tan Ф —a) tan ИВ +b). 

d. If Ama, sbow that 

tan jb ~ tan 
bula I ion dd ton k А 
(Science and Art Exam. Papers, 1899; Dacca Uni., 1930.) 


5. Shew that in an equilateral triangle 
log sin ЗА + log cos jo + log 2- 
6. IfA and A’ denote the angles of за equilateral triangl 
and ito polar reciprocal, show that 
cos A cos A' =оов А + соя 4". 
(Science and Art Ezam. Papers.) 
Т. Та any triangle, shew that 











d cos A + cos B= Sein (a b) sin? 3C. 
sinc 


8. Prove that 





cos (В.-С) _ tan ja—tan $6 cos C—tan je cos B 
So ew A= Cy Е T 


59. Shew that 


r cos А cot a + cos В cot b. 
“со a cot b= cos A cos В ` 
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10. In o spherical triangle, shew that 


cos 
sin [Lo E, Bak 





E 
_1— сов A + сов B + cos С 
50-9 = Tain FA con 88 con ^ 

її, Show that 


cos? Jom cos 0—0) cos! 4С cost (a+b) sint 30, 
and sin? фе = sin! Ha—b) cos! $С + sin! а +b) ain? 3C. 
19. Shew that 


2 tan je tan 3b con C e tant 3b 
tant ier eaten Pone je tes di" 


2 tao да 
[Substitute IW forcos а and Tek for sia 4, 


in the formula of Art. $.1.] 
13. Shew that 








[Substitute values for tan фа, «te.] 


14. I8 and 3' denote the lengths of the internal and external 
bisectors of the angle C of s spherical triangle and terminated by 
the side AB, shew that 
cot ажо b 


cot BSc ie 


оа = cot b 
ma cot a 


15. If}, 3, and 3, denote the bisectors of the internal angle» 
ot a spherical triangle, shew that 
cot 8, cos #4 + cot ës cos авза hy con Cete ct b+ 
(Dacca Uni., 1990.) 
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16. If 81, W, and Уу denote the bisectors of the external 
angles of a spherical triangle, shew that 


cot V, sin $4 + cot ую 4B +cot V, sin 3C 0. 


17. is nd f аге the segments of the base made by the 
perpendicular from the vertex С, and « and o’ those made by tho 
bisector of tho vertical angle, shew that 





tot an Ea tant SP. 
tan g 2 tan? =. 





(Dublin Univ. Ezam. Papers.) 


18. Ife ship be proceeding uniformly along s grest circle 
and Ц, fy and ly be the latitudes observed at equal intervals of 
time, in each of which the distance traversed is s, shew that 


оа Si НА + 1) cos 1-0 
sar cor! Sn M t з y 
r denoting tbe radius of the Earth. 
10, If denotes the angle between the bisector of the vertical 


anglo C of а spherical triangle and the perpendicular from С on 
the base AB, shew that 








i b) 
eher TTTS E 


20. If in any spherical triangle C= А + B, show that 
1—cos a— cos b + cos c0. 

21. Tf inany spherical triangle a be wc, shew that 
L+cos А +сов В- во» С=0, 


9% If in a spherical triangle b ce, shew that 
sin @B+sin 20-0. 2 





(Расса Uni,, 1932.) 
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29. If A, В, C and D are four pointa on the surface òf e 
sphere and @ is the angle between the arcs AB and CD, shew that 
сов AC cos BD—cos AD cos ВС. AB sin CD cos е. (Gauss) 

94. If c, b, c and d be the sides of a spherical quadri- 
lateral taken in order, 3 and V be the diagonals, sod Vj and $ 
be tbe arce joining the middle points of the opposito sides а and 
€, b and d, show that 








cos b + cos d + cos 8 + cca 8 


eno cn фе ea je 


сов a + cos c cos 8+ cos 8 
Че Им “ 

35. Ilone wide of spherical trinogle be divided into four 
‘equal parts, and Фу, &j, бу and б be the angles subtended at the 
‘opposite corner by the parts taken in order, then 

sin (9, +4) sin 6, win е, Фу 0) sin 6 sin 6. 
98. Io an isosceles triangle ABC, each of the base anglen are 
double the vertical angle; bow that 
cos a cos фа = сов (c + 0), 
where a in one of the equal sides of the triangle. 
(London University Beam. Papers.) 

37. Ifa, b, cand d be the sides of a spherical quadrilateral 
taken in order, and 8 and Y be the diagonals intersecting at an 
angle 6, ahew that 

CIRC TET DIT 

38. If ф and Vy be the ares joining tbe middle pointa of pairs 
ol opposite sides a and e, b and d of а spherical quadrilateral, and 
Ф the arc joining the middle points of the diagonals 8 and 8’, shew 
that 

сов фу cos фа cos {с + cos ўз cos b cos $4 —cos $ cos $8 cos #3” 

=Heos 8+ воз 5). — * 


and LI 























CHAPTER IV 


RIORT-ANGLED TRIANGLES 


4.1. Formulae connecting the parts of a right- 
angled triangle. 


Let ABC be a spherical triangle right-angled at C, 
and let be the centre of the sphere, At draw 
the tangents AD and AE to the arcs AB and AC 
respectively, "They lie in the planes АОВ and AOC. 
Let them meet OB and OC produced at D and Е 
respectively. Join ED 





A 


D 


* Since the angle C is a right angle, the planes 
OCA and OCB are perpendicular to each other. 
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Also the radius ОД is perpendicular to both the 
tangents AD and AE, and therefore the angles OAD 
and OAE are right angles and OA is perpendicular to 
the plane ADE. Also any plane through OA is 
Perpendicular to the plane ADE. Hence the plane 
OCA is perpendicular to the plane ADE. Thus both 
the planes ADE and OCB are perpendicular to the 
plane OCA, and so DE, their line of intersection, is 
Perpendicular to the plane OCA. Therefore the 
angles OED and AED are right angles. 


ОА _ ОА OE 
NN бр = 0Е`0р` 
that is, cos c=cos а cos b. enis 


dios DE. DE OD „tina 


ч ШР = OD’ AD "sac 


that is, sin a=sin A sin c. see) 
Similarly, sin b=sin B sin е. e o0) 
Ala cos A= AE LAE. ОА _ tan b 


AD = 04° AD^ tanc’ 


or, tan b=cos А tan с. eod 


Similarly, tan a=cos В tan с. eo 
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dud tand= DB. DE OE tena 





OE'AE sib 
that is, tan a=tan A sin b. e ® 
Similarly, tan b=tan В sin a. menus 


Multiplying together (6) and (7) we get 


fan Aten Bate анне 1, 
sinasinb cosacosb cosc 


or, cos c=cot А cot B. .. (8) 


Again dividing (2) by (5) we get 





so that cos B=sin А cos b. o0 
Similarly, from (3) and (4) we have 

- cos A=sin В сова. 2. (10) 

The above ten formulae * will enable us to obtain 

the value of any element of a spherical triangle when 

two other elements (other than the right angle) are 


given. All the above formulae could be deduced 
from those of the previous chapter by putting C= я. 


* These formulae were known to the Hindu Mathematicians 


and were used by them to solve spherical rightamgled triangles. 
See В. Arneth— Geschichte der vemen Mathematik. Stuttgart, 
1852. Nasir ed-din al-Tusi (1201-1274) of Persia collected there 
formulae into а consistent whole in 1250. 
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4.2. Some important properties. 

Since cos c=cos а cos b, it follows that either 
only one cosine is positive or all of them are positive. 
Hence in a right-angled triangle either two sides are 
greater than quadrants and one side less than a quad- 
rant or all the three sides are less than quadrants, 
tana 
inb 
and tan а are of the same sign. Hence A anda are 
either both greater than {т or both less than ёт, 
Le. A and a are of the same affection. Similarly В 
and b are of the same affection. 


4.3. Napier's Rules of Circular parts.” 

Napier has given two rules which include in them 
all the ten formulae established in Art. 4.1. He 
takes the two sides which include the right angle, 
the complement of the hypotenuse and the comple- 
ments of the remaining angles, and calls these the 
circular parts of the triangle. Thus if C be a right 
angle, the five circular parts are a, b, }x—c, 1-А 
and jz— B. He takes a circle and divides it into five 
sectors and writes one circular part in each sector in 
the order in which they naturally occur in the triangle, 

* These rales are due to Napier, and were published by bim 
in his Mirifict Logarithmorum Canonis Descriptio in 16M. He 
alls them theorems, and while he verifes them in the ordinary 
‘way, by testing each of the known relations between the patts of 
a right-angled spherical triangle, he exhibits their true character 
in relation to the star pentagon with five right angles. 


Again since tan A= ‚ it follows that tan A 








NAPIER'S RULES OF CIRCULAR PARTS 17 


Selecting any one of the five parts, and calling it 
the middle part, the two parts contiguous to it are 


called the adjacent parts and the remaining two are 
called the opposite parts. Thus И дс is taken as 
the middle part, then 4«—4 and 4=-В will be 
adjacent parts and a and b the opposite parts, 

Napier’s Rules are the following :— 

(1) sine of the middle рагь = product of the tan- 
gents of the adjacent parts. 

(2) sine of the middle part=product of the 
cosines of the opposite parts. 
For example, 

sin (ёт —c) = ва (фт— А) tan (j— B), 

Ley сов c=cot А cot В, 
which is formula (8) of Art. 4.1. 

Again sin (ат – с) =соз а cos b 

ог, соз c—cos a cos b, 
which is formula (1) of Art. 4.1. 
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For a proof of the above rules see Napier's Mirifici 
Logarithmorum Canonis Descriptio, 1614, pp. 32-85. 


4.4. Quadrantal tziangle. When one side of a 
triangle is a quadrant, it is termed a Quadrantal 
triangle. Evidently it is the polar reciprocal of a 
right-angled triangle, for if C=ġ7, we have c'=7—0 
=}. Hence the formulae for a quadrantal triangle 
are obtained from those of a right-angled triangle 
by changing the sides and angles into the supple- 
ments of the angles and sides. Thus we have 
the following formulae when the side c is a 
quadrant :— 





cos C + cos А cos В=0. = (1) 
sin A=sin а sin С. 

sin B=sin b sin C. 

tan А +608 b tan C0. 

tan В + соз a tan C —0. 

tan A=tan a sin В. R 
tan B=tan b sin A. 

cos C +cot а eot b=0. 











4.5. Trirectangular triangle. When all the three 
sides of a spherical triangle are quadrante, it is called 
в Trirectangular or Triquadrantal Triangle. Evidently, 
all its angles are also right ongles (Ex. 6, py 20). 
‘Thus in а trirectangular triangle the sides and the 
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angles are all right angles. Esch vertex is the pole 
of the opposite side, and consequently the are joining 
а vertex to any point in the opposite side is a qua- 
drant. Since the angle between two radii of the 
sphere is equal tothe arc joining their extremities, it 
follows that the radii from the centre of the sphere 
to the vertices of a trirectangular triangle are mutu- 
ally at right ongles. Thus in the figure of Art. 4.7 
the radii OA, OB and OC are mutually at right 
angles. 


4.6. Direction Angles and Direction Cosines of 
a point. 


The angles which the radius to a point on the 
surface of the sphere makes with the radii to the 
vortices of a trirectangular triangle, nt the centre of 
the sphere, are called the Direction Angles of that 
point, and the cosine of these angles, the Direction 
Cosines of shat point, Thus taking ABC to be a tri- 
rectangular triangle and P any point on the surface 
of the sphere whose centre is О, we have the angles 
РОА, РОВ and POC as the direction angles and 
сов POA, cos РОВ and cos POC as the direction co- 
sines of the point P. Sinse the ares PA, PB and PC 
measure the angles which OP makes with OA, OB and 
OC, we can define direction angles as the angular dis- 
tances of a point on the surface of a sphere from the 
vertices of a trirectangular triangle on it. Thus the 
мв PA, PB and PC are the direction angles und 
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cos РА, cos РВ and cos PC are the direction cosines 
of the point P. 

Since the angles POA, POB and POC remain the 
same for all positions of P on the straight line OP, 
their cosines also remain the same. Thus we get the 
idea of Direction Cosines of the line OP referred to 
three rectangular axes ОД, OB and OC in solid Geo- 
metry. 


ұл. Theorem, If any point P on the surface of 
а sphere be joined to the vertices of a trirectangular 
triangle ABC by great circular arcs, then will 


сов? PA +cos* РВ cos? РС=1. 


i.e., the sum of the squares of the direction cosines of 
a point on the surface of the sphere is equal to unity. 


We have by Arte 3.1 a 
сов PA=cos АВ cos PB +sin AB sin PB cos ABP. 


=sin PB cos ABP, since AB is a quadrant. 
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Similarly, cos PC=sin РВ cos PBC=sin PD sin ABP. 
Hence, squaring these and adding, we have 

cos? PA &-cos? PC — sin? PI =1—сов?РВ. 
Thus 08? PA + cos? PB + cos?PC = 1. 


Cor, If py, ps and py be the perpendiculara from 
the point P on the sides of the triangle ABO, then will 


sin?p, ^ sin*ps 4 sin?p, 21. 





. Theorem. If any two points P and Q on the 
surface of a sphere Бе joined to the vertices of a tri- 
rectangular triangle ABC by great circular arcs, 
then will 

сов PQ=cos РА cos QA + cos PB cos QB 
+008 PC cos QC. 





From the triangle PAQ, we have by Art. 8.1 


cos PQ=cos PA cos QA t sin PA sin QA cos PAQ. 
6 


@- 
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Now cos PAQ=cos(PAC—QAC) 
=cos PAC cos QAC +віп РАС sin ФАС 
= сов PAC сов QAC + соз РАВ cos QAB, 
‘Therefore 
cos PQ=cos PA cos QA 
+sin PA'sin QA(cos PAB cos QAB 
+008 PAC cos QAC). 
But cos PB=sin PA cos PAB, 
cos QB=sin QA cos QAB, 
cos PC=sin PA cos PAC, 
cos QC=sin QA cos ФАС: 
Hence соз PQ=cos PA cos QA + сов РВ cos QB 
+ е0в-РС cos QC. 


‘This theorem expresses the distance of any two 
points on the surface of the sphere in terms of their 
distances from the angular points of a trirectangular 
triangle, 

Cor. рі, рә, Py; dy, 98, 4з be the perpendi- 
culars from the points P and Q on the sides of the tri- 
angle АВС, then will 


cos PQ=sin p; sin q; +sin p, sin qg +sin ра sid qs. 
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4.9. Ifwo putl, т, п and И, m, w for the 
direction cosines of P and Q, and 6 for the angular 
measure of the are PQ, the two preceding articles 
give two well-known results of Solid Geometry, viz., 


() 2 +m24n2=1 
and (3) cos 6=1 mm! mn, 


the direction cosines of OP and OQ being with refer- 
ence to the three rectangular axes OA, OB and OC. 


4.10. Direction Cosines of the Pole of the Aro 
Joining two points on the Surface of the Sphere. 


Lot P and Q be two points on the surface of the 
sphere and let Н be the pole of the ure РФ. Then 
by Art. 4.8, we have 


cos HP=cos HA cos РА +cos НВ cos PB 
4 +cos НС cos PC, 
and cos HQ=cos НА cos QA+cos HB cos QB 
+008 HO cos QC. 
But the aros HP and HQ are quadrants, hence 
сов НА cos PA + сов HB cos PB + соз НО cos PO=0 
and 


T 


сов HA cos ФА + сов НВ cos ФВ + cos НС ооз QC=0, - 
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Solving the above equations, we get 


- cos НА. 
cos PB cos QC—cos PC соз QB 





Fa ер = 
сов РА cos QB — cos РВ cos QA 


Lf _cos*HA+cos*HB+oos?HC #1, 
{сов РВ cos QC—cos РО cos QB S sinPQ™ 
Ы + Thus 
ra cos НА sin PQ cos PB cos QC—cos PC cos QB, 
cos HB sin PQ=cos РС cos QA—cos РА cos QC, 
cos HC sin PQ=cos PA cos QB —cos РВ cos QA. 





= EXAMPLES WORKED ост 


Ел. 1. Тва ight-ongled triangle, if 3 be the length of the 
are drawn from C perpendicular on the hypotenuse®AB meeting it 
at D, shew that 


(0) sin tan AD tan BD. 
(2) tanfa-tan BD tan e 
and tan%=tan AD tao c. 
(1) We bave from the triangle ACD 
tan AD=tan ACD sin 8, by (6) of Art. 41. 
: Similarly, tan BD =tan BCD sin 8. 





* This is obtained from the identical relation 
ony — ms (n + (m Р) * 
7 (Be mi ent + m? en — GI emm! +’. 
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Hence multiplying, tan AD tan BD=sin% tan ACD tan BCD 
=. 
е of the perpendicular is the geometric mean between the 
tangents of the segments of the hypotenuse. 
(2) We have from the triangle BCD, by (5) of Art. 4.1 








‘Hence tan? astan BD tan с. 
Similarly, tan? b=tan AD tan c, 





i, tangent of a side is the geometric mean between tangents of 
the adjacent segment and the hypotenuse. 





Ex, 2, Perpendiculars are drawn from the vertices A, D, C of 


Any triangle, meeting the opposite sides at D, E, Р respectively : 
show that 


ton BD tan CE tan AF=tan DC tan EA tan FB. 
(асса U; 





1982.) 


Tét the perpendicalars meet at the point P, We have from 
the triangles BPD and CPD, by (6) of Art. 4.1 


tan BD=tan BPD sin PD 
tan DC=tan СРР sin PD. 


во 





B6 SPHERICAL TRIGONOMETRY 


tan BD — tan BPD 
E tan DG “tan CPD" 





а Зар СЕ | tan CPE 
Bienen. tan ЕД {эп APE’ 

а ton АР _ten APF, 
Cn tan РВ tn BPP” 


‘Hence multiplying both sides and noting that 


вЁр= Айк, cB br and CPE=BPF, 
tan BD tan CE tan AF _ 
ded 7 tan DO tan EA tan РВ "1 
Ег. 3. OX and OY are two great circles of a sphere at right 
angles to osch other, Різ sny point in AB another great cirela. 
00(=p) is the aro’ perpendicular to AB from О, making the angle 
COX(=«) with OX. РМ sm PN are arcs perpendicular to OX 
shd OY respeotively : shew that if OM=2 and ON ey, 





cos a tan z+ain a tan getan р. 
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From the right-angled triangle POM, we bave by (4) of Ан. 4.1 
cos РОХ- аку 
Similarly from the triangle PON, we Sm 
cos POY = 20-4 main POX. 








Hence 
tan z cos a tan y si 





tan 8 (cos а cos POX «sin a 





in POX) 
=tan 8 cos ё. 
But from the triangle POC we have 


вор 
METAM 


Hence ооз а tan sin a tan y=tan р. 


Buur 


1, If ABO be a triangle in which tbe angle C is » right angle, 
prove the following relations— 


а) 2n=sin a sin b. 
(2) 2N=sin a sin B «sin A ain b. 





4) sin*a sin*b віра + sin*b ~; 
(5) 9 віп" jc sin? Ка+ b)+ ain da-b. 
(6) sin a ton $4—sin b tan 3B sio (0—0), 


шуна jp Ча @-© 








a ies. 


(0) манде) tan 7D 





(Dacca Uni., 1990.) 
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2. Ina triangle if C be a right angle and D the middle point 
of AB, shew that 
4 cos? fe aint OD ой + sink, 
3. 108 be the length of the аге drawn from C perpendicular 
to the hypotenuse AB, shew that 
(1) cos*8 cos? A + cos* B. 
(3) сол" = cot*a + сой. 
(9) sin*8 sin*c- sin*a + віп" ~ віп“ 
4. Шз bo the leogth of the aro drawn from C perpendicular 
to AB in ony triangle, shew that 
cos B= сомо c (cos*a + оза" —2 cos a cos b cos c). 
(Cal. Uni. М.А, and M.Sc., 1926.) 
5. If the side c of & triangle be а quadrant and 3 be the 
length of the are drawn at right angles to it from C, shew that— 
(1) cost = costa + costo, 
(2) сач тои" cot! D. 
(3) sin*8 e cot. cot Ф, where # and ф are the segmenta 
of the angle C. v 
6. IE the side с of a triangle be a quadrant, show that 








(1) cos (5—4) cos (8— В) + cos (8—0) cos $20, 
(9) tan a tan bsec C0. 
(3) 2 cos (9—4) cos (S—B) exin A sin В. 

7. In the triangle ABC if С 00", shew that 


"m 
sin (1+ BT ooo comb 


(Cal. Uni. M.A, and M.8¢,, 1991.) 


D 
mun PRESE. 
(Dacca Uni., 1031.) 
8. I C=90*, shew that tan S=—cot фо cot $6. 
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9. If one of the sides of a right-angled triangle be equal to 


‘the opposite angle, shew that the remaining parts are each equal 
10.90". 


10. 108 be the length of the bisector of the hypotenuse AB 
‘of the right-angled triangle ABC, sbew that 





` 19. Shew that the ratio of the cosines of the base angles is 
equal to the ratio of the sines of the segments of the vertical angle 
made by the perpendicular drawn from it to the base. 


38. Ша, өз: б, Ву and т, vy be the segments of tho sides 
of в spherical triangle made by the perpendiculare from the 
opposite vertices, shew that 
* 
сов а cos Bj сов y = cos a, cos 8; сов yt. 





M. И рь py зой ру, Py denote the perpendicolars from the 
base angles А and B to the internal and external bisectors of the 
vertical angle C, shew that 

sin py sin ру + sin py sin pum sin а sin b. 

15. Ил, и and » denote the perpendiculars from the vertices 
of wny triquadrantal triangle on s transversal to Ше sides, 
shew that 

sin?A + айпи + їп?» = 1. 

16. ABC is а spherical triangle each of whose sidos is а 
quadrant, and P is any point within the triangle : sbew that 

„ 608 PA cos PB cos РС+ сої ВРС cot OPA cot APB=0 
and tan ABP tan BCP tan CAP=1. : 


e. 
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Solution of right-angled triangles. 


4.11. We have seen that a triangle has six parte, 
three sides and three angles, and the formule es- 
tablished before shew that ifthree parts are given, 
we can determine the remaining three parts, and thus 
completely solve the triangle. In solving numerical 
examples, we shall have to make use of logarithmic 
tables. Six cases present themselves. In these 
cases the right angle forms a known part and we 
require to know only two other parts. The angle C is 
taken to be a right angle in all the following cases. 


8.13. Casel. Having given two sides a and b. 
The remaining elements A, В and c are obtained 
from the formule (0), (7) and (1) of Art. 4.1 


cot A=cot a sin b, ы 
cot В s cot b sin a, 
cos c=cos a cos b.* 
"The solution is unique and the triangle is always 
possible. 
ExaupLE 


Given а =55°187, Ь = 39*97'; solve the triangle 


‘To find c, we have. 
сов с = cos а cos b, 


or, 10+ [ cos с= L cos a+ L cos b, 
or, L cos c= 00490498. а 
63° зу a1". 
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To find A, we have 


104 L cot A=L cot 55*18 + L sin 39°27", 
or, L cot A= 9°6494280. 
К А66" 18 6". 
То find В, we bave 
10+1 cot B cot 39"97' + L sin 65°18’, 
er L cot B 99996157. 
i5 Baas" Y 81". 


5.138. Case П. Having given two angles A and В. 


‘The remaining elerhents a, b and с are obtained 
from the formulm (10), (9) and (8) of Art. 4.1 


cos A=cos a sin B, 
cos B=cos b sin А, ` 


4 сов c=cot A cot B. 


Here also a, b and c are uniquely determined. 


Given 4 64*15' and B= 48"! 
Wo have 





І cos a= 97641507 2. а=54° 26° 63", 
b= 42" 90 47", 
e 64* 38 38", 
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8.18. Case Ш. Having given the hypotenuse c 
and one side a. 
We have from (2), (5) and (1) of Art 4.1 


sin A= S08 
sinc 





бе Ba Mana, 
lan c 


cose 
сова ` 


cos b= 


The elements В and b are determined without 
ambiguity, but sin A admits of two values between 0 
and т, Butsince a and А are of the same affection, 
i.e., they are either both acute or both obtuse, we take 
that value of A which is of the same affection with a. 
Thus A is also uniquely determined. The triangle is 
thus possible. 

If а and с are both quadrants, then А" is a right 
angle, but b and B are indeterminate. 


3.18. Саве ТУ. Having given the hypotenuse с 
and ап angle 4. 


We have from (2), (4)and (8) of Art. 4.1 
sin a=sin A sin c, 
tan b=cos А tan с, 
cot B=tan A cos c. 
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Thus B and b ere uniquely determined, and as 
aand А are of the same affection, а is also uniquely 
determined. Thus the triangle is possible. 

И A and c are both right angles, then а is a right 
angle, but b and B are indeterminate. 


416. Case V. Having given one side b and 
the adjacent angle A. 


The formulæ for determining a, В and с are (4), 
(6) and (9) of Art. 4.1 








dance tend | 
сов 


{апа = ten А sin b, 
совВ = сов b sin А. 
Thus а, В and c are uniquely determined. 
MT. Case WI. Having giten one side a and the 
opposite angle A. 
Here we have from (2), (6) and (10) of Art. 4.1 


* sina 
sinc m, 
sin A 








sin b=tan a cot A, 
sin B= 9984, 
жа 
Here c, b and B are to be determined from their 
sines, and between 0 and x there are in general two 
angles having в given sine. ‘Thus we get two values 
for cach sine, and we expect six different triangles 








94° SPHERICAL TRIGONOMETRY 


with the given data, But this is not the case. We 
must have а and A of the same affection, and since 
sin c must be less than unity for c lies between 0 and 
т, sina must be less than sin A, and so a must be 
less than A when they are both acute or greater than 
A when they are both obtuse. Otherwise thé solu- 
tion will be impossible. When this condition is 
satisfied, we get two values for c, and since 
сов c=cos а cos b, we get one value for b for each 
value of c, and one value for B, because b and B are 
of the same affection, which is otherwise evident 
from the relation cos c cot A cot В. 





Thus we see that there will be in general two 
triangles with the given parts. We say in general 
because if a and A are equal but not right angles, we 
have b, В and c all right angles and thus we get only 
опе triangle. In this ease A is the pole of BC. 
When a and A are right angles the solution becomes 
indeterminate, MS 


That we should have two triangles is apparent 
from the fact that the triangle ABC and its colunar 
triangle A"BO satisfy the given date, for A=A” and 
BC is common. If A=a, we get one triangle, for the 
triangle A"BC is symmetrically equal to the triangle 
ABC. 
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Езамид 
Given а= 519207, А =62°17 and C=! 





solve the triangle. 
То find c, wo have L sin c=10+ L sin а—1, sin A 
- =10+9°3925—9°9467 — 09458. 
Hence c7 61* 68 or 115° 2. 
То find b, we have L sin b L tan a L cot 4—10 
=10'0968 + 9-7220 —10 = 98169, 
Hence Ъ-41* 13' or 198° 47. 
То find В, we have Lixin В =10+ L cos A~L cos a 
10490087 —97087 «98780. 


Hence BeA8*17 or 1814437. 
4.18. Application of Napier's analogies in the 
solution of right-angled triangles. 


Napier’s analogies can profitably be used in 
solving right-angled triangles'in the three following 
cases. 





First]y, when the sides а and b are given; 
Secondly, when the angles А and В are given; 
and Thirdly, when а and В, or b and A are given. 


Езхлмтл 


Solve the triangle having given 
a 64* 30, Ь=48* 17 and C=! 
To find c, we have cos c = сов а cos by 
ог, L cos e L cos 64* 30 + L cos 48° 12-10. 
96310 + 08285 — 10: 94578. 
‘Hence = 73° 19 28". 
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То find А and В, we have from Napier's first analogy 
2j 





tan ИА + В) 9 3€ 


соз Mab) 
or, L tan А + B)=10+ L cos 8* 9—1, cos 56° 21° 
=10+ 99056-97438 
=102520. 
Honce HA + B) e 00* 45° 40". 


Similarly Lan }(A—B)=10+ L sin 5" 0'—L sin 66° 21° 
710401516—99204 
=r, 

Hence da-nmew av 58". 

^ А707 95 33" and B=51" & 47". 

4.19. Solution of oblique-angled triangles. 


As in the case of right-angled triangles, six differ- 
ent cases present here also, and when we are given 
any three of the parts, we can determine the remain- 
ing three parts by making use of some of the formule 
of Chapter III. We shall not go in Wetails but 
finish this chapter by giving an application of Nopier's 
analogies to solve an oblique-angled triangle, 


Камил E 


Solve the triangle having given 
А6130" 07 22°41", B02" W 641" and e=51" 6 1-0". 
From Napier's third analogy, we have 


Lien Ha+b)=L eos $44 — В) [соя МА + В)+ D tan {с 
= 9°81844—0°15158 + 9907950. 


71081636, i. 
Неке аз ит". = 
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Similarly Ltan 4(a—5)— Св A —B)— Lain (4 + B) + L tan jo 
= 987663 —9°90493 + 0767950, 

whence Mo- b) 20*0'227. 

na a 84* 14’ 29^ and be 44* 18 45". 

‘To find C, we use Delambre's third analogy, whence. 

L sin 3C L cos HA + B)— L cos Ma + b) + L cos jc 

918158 — 0763816 + 9°95529, 

Hence ^ jC-189243", 

or, Ceara”. 

The value of C cen also be obtained from Napier's first 
analogy. 

‘Exaurtns. 
Bolve the following triangles baving given 


1 om3 48°19", bean 7107, Се". 
Ans, A=41? 68°45", B=70" 1915", om 66" DY 6%, 


=w №, bem, C-9*. 

Ae0 29°59", B= 38° BY 26", — cen W 46", 
4-36", B=00", Cam, 

в=20° БИ 19$", — b= 51" ay 3", om a7" 21" 38/6", 





50°28 97", А06" T 20", — Cem 
Ans. "b=48" 8910", B=52* 5020", — e= 70" 29 42". 
or bm131 20 44°, Бег, c= 109° 30 18". 








5, A-2 or, BeTas cet 997. 
Ans, aD, b= 15" 56", C= 169" 44", 
6. o=138" 4, 109* 41", =", 
Am. A=142" 11158", B=190" 15 7",  C-118' 08 3". 
1, 448 40, то" 40, с-00". 





=" 58 94, 060" 30 55", — B= 75" 15 22". 
д. 


Ans. 





a+- 





CHAPTER V 
Properties ор SPHERICAL TRIANGLES 


5.1. Relations between the arcs joining three 
doints on a great circle and any other point. 


Theorem. 1/Х,У, 2 be three points on a great 
circle, and Р any other point, on the sphere, thon will 


боя PX sin YZ + cos PY sin ZX + cos PZ sin XY=0...(1) 
and 
cot PX sin YPZ+cot PY sin ZPX 
+cot PZ sin XPY=0,.,(2) 


P 





From the triangles PXY and PYZ we have 
cos PX —cos PY cos XY -- sin PY sin XY cos РУХ 
and cos PZ=cos PY cos YZ+sin PY sin YZ cos PYZ: 
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But cos РУХ = —cos PYZ ; hence 
cos PZ=cos PY cos YZ—sin PY sin YZ cos РУХ. 


Eliminating cos РУХ from these two equations, 
we have 
(cos PX —cos PY cos XY) sin YZ 
+ (cos PZ — cos РУ cos YZ) sin XY=0, 
‘br, cos PX sin YZ—cos PY sin XZ--cos PZ sin XY =O. 


Writing Х2= —ZX, by measuring arcs in one 
direction as positive and, in the opposite direction, as- 
negative, we bave 

cos PX sin YZ + cos PY sin ZX + соз PZ sin XY=0 ...(1) 


Again by Art. 8.15 we have from the triangles 
PXY and PYZ 

sin PY cot PX=cos PY cos XPY sin XPY cot РУХ 
and * 

sin PY cot PZ=cos PY cos YPZ+sin YPZ cot PYZ. 


Multiplying these two equations by sin YPZ and 
sin XPY respectively and adding, we have 


sin PY (cot PX sin YPZ- cot PZ sin XPY) 
=cos PY sin XPZ, 
or, putting XPZ=—ZPX, we have 


* cot PX sin YPZ+cot PY sin ZPX 
+eot PZ sin XPY=0... (2) 


С] 
3 





or, cos РУС. 
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5.2. Particular cases. 


* 
() Median. If Y be the middle point of XZ, then 
PY is the median of the triangle PXZ, and (1) gives 


(cos PX + cos PZ) sin XY 
sin XZ * 


сов РХ + сов PZ 


cos РУ= 





cos ХҮ + сов YZ" 


тво» if т be the length of the median bisecting 
the side а of the triangle ABC, we have 


(2) Internal Bisector of an angle. If PY bisects 
the angle P, we have from (2) 


cot py =8in XPY (cot PX + cot PZ) 
sin XPZ 


eot PX + cot PZ 
— сов XPY * cos YPZ " 


Thus the internal bisector 8 of the angle A of the 
triangle ABC is given by 


cot ô= тея (cot b--eot c). 


* Gudermann, Niedere Sphárih, $ 400. 


SPHERICAL PERPENDICULARS 101 


(8) External Bisector of an angle. If PZ bisects 
externally the angle XPY, then 

YPz-3«—) XPY and XPZ=Jn+4 xbv, 
so that 
eot PY —cot PX ev . s 

заа j XPY So E 

"Thus the external bisector #/ of the angle A of thë- Ў 

trivngle ABC is given by 
1 


cot o 4 (cot b —cot c). 


cot PZ= 





(4) If XZ be a quadrant, we have 


cos PY=cos PX sin YZ+cos PZ sin XY. 


Thus if the base BC be a quadrant, and a. point D 
be taken in it, we have 


cos AD= cos c sin РС+ cos b sin BD. 

5.3. Spherical Perpendiculars. Let the arcs 
PX, PY and PZ when produced meet another great 
circle at right angles at the points X,, Y, and Z} res- 
pectively, then P is the pole of the great circle 
X,Y,Z,, and each of the arcs PX}, PY, and PZ, is а 
quadrant. (See fig. of Art 5.1.) Hence 

сов PX=sin XX,, cos PY=sin YY} 

and cos PZ=sin ZZ,, 
agd (1) of Art. 5.1 becomes 
sin XX, sin YZ+sin YY, sin ZX + sin ZZ,sin XY=0 (8) 
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Similarly (2) of Art. 5.1 gives 


ton XX, sin YPZ--tan YY, sin ZPX 
+tan ZZ, sin XPY=0 ... (4) 


Since the angle between any two aros PX and PY 
is measured by the intercept made by them on the 
great circle X,¥,Z,, i.e., by X,Y, (Art. 1.8), we get 


tan XX, sin Y,Z, +tan YY, sin Z,X, 
+tan ZZ, sin Xy¥,=0 .,. 6) 


These are the relations connecting the spherical 
perpendiculars XX,, YY, and ZZ, from the points 
X, Y and Z on the great circle X; Y, 


54. Theorem. If three arcs meet at a point, 
the ratio of the sines of the arca drawn from any point 
оп one of the arcs, perpendicular to the other two, is 
constant. 

Let OA, OB and OC be the three ares afd let a and 
В bo the lengths of the perpendiculars from в point P 
in OB on the arcs OA and OC respectively. 

Then from the two right-angled triangles, we 
have 

sina 


sing 
sin OP= ДОР = ain COP" 


- ES sin AOP us 
ues = 5800р "beh is constant, 


cao ae den aei em n дв. 


B 
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Conversely, if from any point P” in OB, perpendi- 
culars a! and &' are drawn on OA and OC во as to. 
satisfy the relation 





sino! _ sina 
sing ^ snp’ 


then P” will lie cn the great circle through О and P, 
namely ОВ. 


5.5. Concurrency of three arcs. 


Theorem. If throc arca joining a given point with 
the angular points of a triangle meet the opposite 
sides, the product of the sines of the alternate seg- 
ments of the sides are egual. 


A 


D 


Let the ares joining 4, B and C with the given ` 
point P meet the opposite sides in D, Е and E- 
respectively. 
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ч Then from the triangles APF and BPF we have 
< sin АР_ sin АРР and Sin FB sin BPF 





sin AP sin AFP sio BP sin 
in AF _sin AP sin APF 


so that 


Similarly 


and 





Hence multiplying the corresponding sides of the 
three equalities and noting that 


BÉD-AbE, CPD=APF snd СРЕ=ВВЕ, 


we have 





The corresponding theorem for a plane"triengle is 


Ceva's theorem.* 

5.6. The converse theorem can also be easily 

& proved. Several theorems on concurrency of ares 
are immediately deducible from it. Thus 


‘The perpendiculars drawn from the vertices of 


P T teat the opposite sides meet ata 


жу, 


гв Pure Geometry, Chap. T- 
ү э Do. sare $05; Schulz, ‘Spharik 11, ть 
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The bisectors of the angles of в spherical triangle 
meet at a point.* 2 

The arcs joining the angular points of a spherical 
triangle with the middle points of the opposite sides 
meet at в point. 


«8.7. Theorem. If three arcs passing through the 
vertices of a triangle be concurrent, the products of 
the sinos of the alternate segments of the angles of 
the triangle are equal. 





Let the ares AD, BE and CF meet at P and 
divide the angles A, B, С of the triangle ABC into the 
segments 41, As ; By, Bg and Cy, Са. (See fig. of 
Art. 5.5.) 


Then from the triangles ABD and ACD, we have 


sin BB _ sinc 
sind, ein ADB 








sin BD_sin Ay sinc 
Ишге. as Ts DO ain da atn ^ 


Similarly sm ОВ oe =% By 





Р аа, 
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Ay sin By sin Cy ү 


Tueretas ОД. un Da ain бш 








This is also another criterion for the concurrency 
of three ares, 
The converse case can also be easily proved. 


5.8. СопоусИс points, Spherical transversal. 
Theorem, [fa great circle intersects the sides of 
a triangle ABC at the points L, M and N, then will 


sin AN sin BL sin CM _ 
sin NB’ sin LC sin МА 














| kh 
ыд 
№ 


Draw AX, ВУ and CZ perpendiculars on the 


sin AX —sin AN sin АМХ. 
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Similarly from the triangle BNY, we have 


















sin BY=sin NB sin BNY. 
i sin AX 
Hence Cues 
Е BL, dn ВУ sin CM. sin CZ 
Similarly Fin CL é OZ ""5 зы МА sn AX 


Hence multiplying ánd writing —sin LC for sin CL, 
we have 
sin AN sin BL 
‘This theoretn овд with its analogue for plane 
triangle was obtained by Menelaus.* 
Tts converse 18 also true, namely if three points 
L, M, N be taken on the sides of a triangle satisfying 
the above relation, then they will lie on a great circle. 

Note 1.—Аоу transversal most cut either one or all the three 
sides of the driangle externally. Thus the arc LMN cuts only 
the side BC externally whereas the aro LMN cuts all the sides 
externally. Hence there will always be the negative sign. 

Note 2,—-Several formulae for right-angled triangles are easily 
deducible from Menelaus’ theorem. Thus if C=90 and AN and 
AM are quadrants, then L will be the pole of АС and the theorem 
becomes cos с =сов а сов b. Again the triangle NBL with AO оз 
transversal gives si ain A sine. Other formulae are similar- 
ly obtained by taking any three arcs as forming a triangle with 
‘the forth one oa the transversal. 

















+ In Greek geometry this theorem is known by the name of 
Валио Sez Quantitatum. See Sphaerica by Menelaus or Des 
Claudius Ptolemaus Handbuch. der Astronomie by Karl Manlius, 
Ва. 1, pp. 45-51. 
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5.9. Theorem. The great circle bisecting the 
sides of a triangle intersects the base in points 
which are equidistant from the middle point of the 
base. 


A 


с 


Let ABC be the triangle and let D, Е and Р be 
the middle points of the sides. BC. CA and AB 
respectively. Draw the secondaries AX, BY and 
CZ on EF. Let EF and BC when produced meet at 
the points P and P’, Clearly these are two diametri- 
cally opposite points. 

Now in the triaugles АРХ and ВРУ, we have 

АР=РВ, AXF=BYF and APX=BFY. 

Hence the triangles are equal in all respects во 
that AX=BY. 

Similarly  AX=02, 

Therefore AX=BY=CZ. 


Again from the equality of the triangles ВРУ. and 
CPZ, we easily get BP=CP’,and as BD=CD, 


we have DP=DP'=a quadrant. 
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5.10. Casey's Theorem.* If two points P and Q 
be taken on the surface of а sphere, of which Q is 
within a spherical triangle ABC, and if 2n}, 2ng and 


2n be the sines of tho triangles ОВС, ОСА and QAB, 
then 


п; cos PA +ng cos PD na cos PO=n cos PQ. 





Join P and © to the points A, B, C. 

Produce AQ to meet BC in F. Join PF and PQ. 

Then since B, F and C lie on a great circle, and Р 
is any other point, we have by Art. 5.1 


cos PB sin FC-cos PC sin BF cos PF sin ВС. 
Similarly for the points 4, Q, F and P, we have 


ces РА sin QF «cos PF sin AQ—cos РО sin AF. 


+ De. Casey, Spherical Trigonometry, p. 81. 
. 
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Hence eliminating cos РР from these two 
equations, we get 


сов PA sin QF sin BC +cos PB sin FC sin AQ 
+cos PC sin BF sin AQ 
=cos PQ sin AF sin BO. 
If QD be drawn at right angles to BO, then 


sin eras 9D, 


80 that. 


и „вів QD sin DO. 9n 
sin QF sin BC SB Ger BOLA, by Ex. d, p. 40. 


Similarly 
sin AQ sin FOS 2"2, , sin AQ sin ВР= 2*5. 
sin’ sin F ' 
and sin AF sin BC =_?"_. 
т зы Р 


Hence we have 
п; cos РА +ng cos PB +n; cos РС=п cos PQ- 


5.11. Normal co-ordinates of a point. If from 
а point P perpendiculars а, B, y are drawn to the 
sides of a triangle ABC, then sin a, sin В and siny 
are called the Normal co-ordinates ot P with od 
to the triangle. 

"Normal co-ordinates are clearly ie to 
trilinear co-ordinatez with respect to a plane triangle. 


NORMAL CO-ORDINATES 11 


If 2ny, 2ng and 2n; be the sines of the triangles 
РВС, РСА and РАВ, we have 

sin дїп an; , sin f sin = 2n, and sin y sin o=2ny. 
"When the ratios of the co-ordinates are known, the 
point is determined. 


ExaxPLE 


Find the normal co-ordinates of the point where the perpendi- 





culars from the angular points to tbe opposite sides meet, 
A 
Е; Е 
с 
P D 


Let the perpendiculars AD, BE and CF meet 
Now from the triangles ABD and ACD, we have by (9) of 
Art, 41 
сов B=cos AD sin BAD, and cos C «ccs AD ып CAD. 








Я cos В sin BAD siny 











uU da OAD" ‚о by Art. 64, 
SwC ліпа 

Similarly, д a7" 

Hence sin а cos A=sin В cos B=sin y cos С 

vis, sin а, sin B and sin y are respectively proportional 


to cos B cos С, cos C cos А and cos А cos В. 
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5.12. Normal co-ordinates with respect to a tri- 
rectangular triangle. Their fundamental properties. 


We have seen (Art. 4.5) that the arc joining the 
vertex of a trirectangular triangle to any point in the 
opposite side is a quadrant. Hence if P be any 
point on the sphere, and D, E, F the points where 
AP, BP and CP meet the opposite sides, then PD, 
PE and PF will be complementary to AP, BP and 
CP respectively. (See figure of Art. 4.7.) 

Now the Normal co-ordinates of P are sin PD, 
ain РЕ and sin PF. Hence with respect to the trirec- 
tangular triangle they are cos AP, cos BP and 
сов CP, and these are generally represented by 1, m 
and п. In fact 1, m, n are the direction cosines 
of OP referred to three rectangular axes OA, OB and 
ОС, О being the centre of the sphere. 

They satisfy the following properties— 





@ Dm? n?21 . 
and (i) — U'-mm'4nn'2cos PQ, 


1, m, n and l', т’, п’ being the normal co-ordinates 
of two points P and Q on the sphere. 


ExAwrLES. 
1. If D be any point in tbe side BC of the triangle АВС, 
shew that cot AD sin ВАС = cot AC sin BAD + соё AB sin DAC. 
2. И two sides of а spherical triangle be supplementary, prove 
‘hat the median passing through their intersection is a quadrapt. 
(R01, 1695.) 
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3. The medians of a triangle ABC intersect at Р and meet 

the opposite sides at D, Е, F respectively : chew that 

sin PA: sin PD :: 

өй sin PB : sin РЕ 

[I 





e Zoos фа: 





3 сон $: 1. 


sin PO: sin РР :: 9 соя фе: 1. 


From апу three points on a great circle, secondaries 
are drawn to the sides of a 
triangle : shew that 





мот, sing, sine 


sin z', sin y, ain 
sin z^, ain y^, sin 2' 








b. Three points P,Q and Л lie on a great circle, and X, 
Z are three other pointe ор the «phere : shew that 





cos PX, cos PY, cos PZ 
cos QX, cos QY, cos QZ 


. =0, 
cos НХ, cos HY, cos RZ 


6. M the biseetors of the angles of the triangle ABC meet at 
Р, фек that 


sin эло ‚ sin OPA 


Ф GT, ей niim a cuin bi ain ee 


(8) sin? AP : sin? ВР: sint СР 


sin ив) 





sinis-b) | sin G—e) 
inb wine” 


8 
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7. Find the Normal co-ordinates of the point where the arcs 
joining the angular pointe of a triangle to the middle pointe of 
the opposite sides meet. 

Ans. Proportional to ain B sin C, sin C sin A and sin A sin B. 

B. If tbe internal bisectors of the angles of the triangle АВС 
intersect at P and meet the opposite sidesfin D, E and F roe 
pectively, shew that 
р sinPE _  sinPF 
AD sin Б віо BE sin c sin OF 








(R.U.L., 1896.) 


^; B, В" and т, 7 be tbe segmenta of the perpendicu- 
Лага to the sides of a spherical triangle drawn from the opposite 
‘vertices, sbew that 

tan е (an '=tan В tan «tan y tan y, 


сов (а+а/) _ соя (+ À) _ cos (y +y’) 
Tos a cos «^ cos B cos В cos y cos Y" 





and 


10. АВО isa spherical triangle, E is the middle point of BO, 
and AD is drawn at right angles to BC ; sbew that 
tan ED sin (В + 0)=tan фа sin (BC), 

(Sci, and Art., 1894.) 








CHAPTER VI 
AREA Or SeHERICAL ThiANOLE. SPHERICAL 
Excess 


6.1. Area of a spherical triangle. Girard's 
theorem.* 





Let ABO be a spherical triangle. Produce the 
sides AB and AC. They will meet at А” where А” 
is the point diametrically opposite to A (Art. 2.11). 
Thus we get a lune ABA"CA with tbe angle A. 
Similarly BO and B4 produced give the lone 


* This theorem js due to Girard and was published by him 
in 1629 in his Invention nouvelle en Algèbre, A rigorous proof 
of it was given by Cavalieri in bis Directorium generale uranio- 
metricum in 1682, 
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ВОВ"АВ of the angle В, and СА and СВ produced 
give the lune САС"ВС of the angle C. The triangle 
ABC forms a part of each of these three lunes. Let 
7 be the radius of the sphere. 
Then ABC +A"BC=lune ABA"CA =2Ar?, 
ABC * AB" lune BCB"AB =2Br?, 
and ABC + ABC" = lune CAC"BC =2Cr?, 
by Art. 2.11. 
Now the triangle ABC" is antipodal to A"B"O and 
hence they are equal in area (Art. 2.12. Hence put- 
ting A"B'C in place of ABC" and adding the three 
equalities above, we get 
2 triangle ABC +area of hemisphere=2(A + В + C)r?, 


or, triangle ABC + sr? (A+ B. Oyr*, 











Therefore 
area of the triangle ABC (4+ B&O-s)* ... (1) 


The expression A + В + C —z is called the Spherical 
Excess of the triangle ABC and is denoted by the 
symbol E. It measures the excess of the sum of the 
angles ofa spherical triangle over the sum of the 
angles of a plene triangle (both being expressed in 
circular measure) and hence the name. 


If we put 282 A -- B +C, we get 
8В=}Е+{т. 
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Cot.1l, If Еу, Е, and E, be the spherical 
‘excesses of the colunar triangles of ABC on {Һе sides 
#, b and c respectively, then 

Е,=24-Е, Е, =2В-Е, and Е;=20-Е, 
and their areas are 
(24—E)r*, (3B — Eyr* and (20 — E)r*. 
Cor. 9. The sum of the areas of any triangle 


afd its colunar triangles is equal to half the arem of 
the sphere. 


6.2. Area of a Polygon. Taken polygon of n sides 
and let X denote the sum of Ив angles. Take any 
point within the polygon and join it to all the angular 
points. Then the polygon is divided into n triangles 
and its area is equal to the sum of the areas of the n 
triangles. Hence 


aren of the polygon = (sum of the angles 
r of the n triangles ns)r* 
(3252) = {3 (n 2)r}r? 
= Е", 
where E is the spherical excess of the polygon. 
Cor. Area of aspherical quadrilateral is 
(4+B+0+D—2a)r?. 
6.8. Girard's theorem enables usto get the area 


ot the spherical triangle when the sum of the angles 
sreknown, When the three sides ot two sides and the 
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included angle are given, the relations established in 
the following articles will enable us to find the area. 


6.4. Cagnoli's theorem.* To shew that 
sin JE= 





2 cos Ja cos jo сов jc 
Wehave sin {Е =віп (S32) —cos 5 
=sin МА +В) sin }C—cos {А+ В) cos 80. 
Hence substituting the values of sin (А+ В) and 
cos }(А + В) from Delambre's analogies (Art. 8,17), 
we get. 


sin 9E fj ed (oo 3-5) — eos b(a +b)} 





in C Qm Ja sin jo 
2n sin ja sin 1^ 
sinasinb  cosjc ' ey es 
= 2 i: (2) 
2 сов ja cos jb cos jc nl 


6.5. Expressions for cos } Е and tan } Е. To 
shew that 
1+ cos a +cos Б + сов c 
бадан 4 cos ја cos 6 bos Jo 


2n 
8 eT ET TT 


* Cagnoli, Trigonometrio, $ 1146. See also Lexell, Acta Petros 
pelitana, 1782, p.68. For а geometrical proof see Art. 6.11 below. 


-Q 
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We have 
оов В e cos (8-41) sin 8 


=sin (A+B) cos }0+cos МА +B) sin 40 
= (cos? 4C cos (a — b) +sin® $0 cos (a--5)) sec {о 
by Delambro's analogies Art. 8.17 


= {сов фа cos} +sin Jasin Jb сов С} вес фо... (8)* 


= 208? Ja cos? b +sin Ja cos фа sin Jb cos $b cos C 
сов ja cos $b cos 


= (1+ сов a)(1 + cos b) +sin a sin b cos C 
4 cos [а cos $b cos jc 


=_1+608 a+cos b+ cos c 


d esed mde moon on O 
Hence dividing (2) by (4), we have 





2n 
ton фа oa Y TT p e (ODE 


* Lagrange. Journal de l'E'cole Polytechnique, Cahier, 6; 
Legendre, Géométrie, Note 10, Gudermann, Niedere Эрлан, 
$15. 

4 Euler, Acta Petropolitons, 1778, For a geometrical proot 
ses dirt. 6.11 below. 

7. De Qua, Mémoires de l'Académie des Sciences, Paris, 1183, 
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6. Formulae for Colunar triangles. 


Let Е; be the spherical excess of the colunar 
triangle A"BO. If aj, by, c, be the sides and Ау, 
Вл, C, tho angles of this triangle, we have 





H,-24—E 

and a,7a, Бут, o-r—6. 

КЕ 4\=4, Ву=ғ-В, Cy=n-0, 
арат (8—0), ву -01 т-а, ву -b зас 

and ие, =.-Ь, 

зо that ny=n. 

Now 


IRE ITI 


‘whente by substituting the vales of оу, Бү, 01 
wo have à 


sin JE, = sin (А—}Е)= ETT (0) 


Similarly, 
sin JEs = sin G-1D- реон xU) 


and 
^ sinjE,- sin (C37 1 esi Po ome" 


Again _ ож, = о 





whence 





сов E, = соз а-в) зазор вета, 9) 
with similar expressions for ооз 3E and cos 3E y. 
Also 


Am Mus ИЗ S Eoi 


s (10) 
with similar expressions for tan JE, and tan JE. 


It should be noted here that E}, Ey and By being 
spherical excesses are necessarily positive, and each 
of them is less than 2m. (Art. 2.9.) 


Hence А-}Е, В—}Е, C— E are each less thanx, 
6.7. L'Hullier's theorem.* То shew that 


tan {Е = y (Капуа tan}(s—a) tan}(s—b) tan}(s—c)}. 
We have 


sin (A+B +0 - x) 

EIE EUST 

1o quin МА+В)-зш 4-0) 
cos + В) + cos }(т— 


sin МА + В) воз 1C 
cos MA + B) + sin {С 


* "Bee Legendre Géométrie, Note 10. See alo Gruncet's 
Achiv der Math. und Phyrik., XX, 1853, p. 358 for Gent's proof 
‘of L'Huiller's theorem. 


e. 


192 SPHERICAL TRIGONOMETRY 


=.£084(a-b)—cos фо cos 4C 
CREUSE (ab)*cosle ` sin С 
by Delambre's analogies, 

) 








atin }(s—b) sin $ (s—a) | sin 3 
сов $8 cos §(s—e) | sin (яа) sin (s —5) 
by Art, 3.8. 


= y [tan js tan }(#—а) tan }(s—b) tan 3(s—)]...(11) 





6.8. The Lhuilierlan. 


We have by (11) 
tan JE, = y {tan Js, tan d, ~a,) tan Ме 61) 


tan Hsi 76))) 
whence 


tan {(24 — Е) = y (cot js cot }(¢—a) tan 3(s—5) 

tan }(e—c)}...(12) 
Similarly, 
ton 3(2В — Е) = y {cot je tan }(s—a) cot 3(s- 5) 

tan }(s—o)}...(18) 
and 


tan j(20 — E) V (cot je tan 3(—2) tan (6-5) 
cot $(6—c)} ...(14) 


Multiplying together the equations (11), (12), ...(18) 
and (14) we get 

tan JE tan }(24—B) tan 0B — E) tan 100-8) 
cot je tan $ а) tan }(e—b) tan (ео) e L* ...(18) 


-Q 
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where Lis called the Lhuilierian * of the Spherical 
triangle. 





Thus 
tan} B= = 
tan }(24—E)= wi 
tan @В-Е)= г. 
and 


L 
tan (2C E) жанс 
6.9. Expressions for sin } Е and cos } Е. 
We have 


sin? 3E =} —cos $2) 


mafi mE 1l-cos а+ сов + сов c } by an. вв 
`4 сов ja cos $b cos ўс 


ESAT AE cout and 
ma a- ERE). 

1— cos? ja — cos? 1b — cos? {с + 2 cos фа cos $b cos 
T. = јан рое YI] E с 


ge Ча {е sin ео) sin eb) ва 0—0) (10) 
сов ја cos jb сов dc 


$ Tbe name Lhuilierian is suggested by Dr. Casey after the 
meme of L'Huiller who obtained this expression. 


ө. 
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Bimilarly, 
‘сов? JE = }(1 + cos 3E) 


al sce] 


4 cos фа cos Jb cos je 
= tos? фа + cos? } + сов? 1c +2 сов фа cos $b cos de — 1 


4 cos $a cos $b cos jc 
„_ 008 ja cos (s —a) cos 3(s —5) cos }(а—с) 
сов ja сов $b cos {с 
L'Huilier's theorem is obtained by dividing (16) 
by (17). 


. am 


6.10. Expressions for sin (24-Е) and 
cos }(24— E). 

Substituting in (16) and (17) the values of 
the elements of the colunar triangle A’ BC from 
Art. 6.6, we get, 


віп? (24-Е) 


= Cos je сов } (в —а) sin (s — b) sin 





and cos? 24-Е) 


— sin je sin 0—0) вов Je b) оов ее) 
а ооа а) 


Hence by division, we get : 
tan? (24 — E) = cot jecot {(s—a) tan $ (4 — 5) tan (02), 
which is the same thing as (12) of Art. 6,8, н 
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6.11. Geometrical representation of the Spherical 
Excess. 


Let D, E апі F be the middle points of the 
sides ВС, CA and АВ ofthe triangle ABO, and let 
EF meet BC produced at P and P'. Then by 
Art. 5.9, we have 


A 


PBy-PÓz, РВҮ=РАХ ond EÔZ=EÂX. 


^. ^ ^ ^ ^ n 
Hence PBY + P'0Z=PBF + PIGE-FAX ЕАХ 
=2я-(А+В+бу=т-Е, 


во that РВу=Р62=}"-}Е, i.e., complement 
of half of the special excess. 
Now from the right-angled triangle PBY, we have 


sinPBY _ 14 
sinPY ^ sin PB’ 





but РВ=}"- {а and PY-]s—EF ; 


ө. 


196 j | SPHERICAL TRIGONOMETRY 


therefore 
cos EF _ 1+cos а+ сов b+cos o 


СЕ 


(Ex. 3, p, 89,) 
Again cos PBY —sin P cos PY =sin P sin ЕР. 
But from the triangles PBF and ЕАР, we havo 


so that 


z i: a 
‘Therefore sin 9E = сов РВУ. Сен ава 10а 0 
which ів Cagnoli's formula. 
ExAMPULS WORKED OUT 
Ez.l, Ine spherical triangle if cos C= —tan ja tan $b, 


shew that — C= A+B. 
‘We have cos C= —tan ja tan jb, 


sin ja sin jb cos С 
erc cb 
E sin фа sin $6 cos C. 
f+ Tacos! С cos ja cos В sin фа vin я 
tan RE cot O, by Arts. 6.4 and 6.5, 
Hence —cot C=tan jE = Ма (S—}x)=—cot 5, 
on 078-44 BO. 
thet С-4+В. 











М... 
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Ez.9. Shew that 
sin a in #Е sin 404 Е) sin 408—8) sin p20- yt 
2 sin 44 sin 4B sin $0. 
We have 


{sin ФЕ sin 4(24 — E) sin 4(0B — E) ein жес-ку# 


= 2m 
inasin baime 17 (2) of Art, 6.4 and (6), (7), (8) of Art. 6.6 





=@ sin s sin $4 sin $B sin $0, by Art. 3.8, 
Henco tho result. 


Ez, 8. If E' be the spborical excess of the polar triangle, and 
Ey, By and Ey those of the coluoar triangles, shew that 
ton $6” = V [cot ФЕ tan 4E, tan {Еу tan $}. 
(Proubet.) 
Let 0, b’, o be tbe sides and A’, В”, С' tbe angles of tho polar 
triangle of АВС, then 
А+ Be Qv (ra), 
Wma! Ы e me -E, 
яв 2 +0 0)- 4 QA- B), 
Ус eo) 488-8), 
ma reci -0)-400-B. 


Now tan Р V [tan фиг tan 07—07) tan #07-67) ton (исә) 
by Art. 67, 





e. 
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Hence substituting the values, we have 
tan ФЕ во е0) = cot ds 
= Vitam 4(2e-E) tan 4004 — E) tan AB E) tan 420-8) 
= + {cot E tan GE, tan QE, tan {Р}. 


Exaurıss 


It By, Fy вой В; bo the spherical excesses of tbe colunsr 
triangles on the sides a, b, and е respectively, shew that 


sin 4B 
i 177 үза jb tan de. 


a sin gE, _ in 9B) _ slo $B, sin 4E 
Wojo 046 tap фс tango tan {5 tan fo” 


Уча JE sin JE, nin LE sia M] 
Ems cok ja cot jb cut 4с 





4. tan QE cot $B, tao jr tan 0-0), 
tan {Е cot Estan js tan 002—6). 
tan ЗЕ cot Js tan фе tan 0—0). 
$. eot 4E tan 4E, tan 4E; tan LE, coU фә, 
tan EE cot LE, tan 1E, tan 1E; = tan! $9), 
tan $ В tan ФЕ cot 4E, tan Ву tan! 0—0). 
tan {Е tan 15, tan ЗЕ cot 4 Бу = tan? $6). 
6. In an equilateral triangle oí side ә, shew that 
tan 4E - tan da Visa фа tan ds. 
(Фасса Uni., 1990.) 
7. Tn an isosceles triangle shew that s 


tan LE - tan łe vian a tge) tan о 8), . ы 
bi e one ы ы equal siden. «m ы 


+ 
x 








( sin 4E o sim фа sin JU sec фе, 
сон ЗЕ e cos фа cos Bb see de. 





9. If the sum of the angles oí a spherical triangle be four 
rigb. angles, sbew that 
cos! фа + cos? 4b + сойй фе =1. 
10. A line is divided into two isosceles triangles, and 
the area of one of them is n times the area of the other ; shew 
‘that 





n-1 4 
tan dd cos Om tan бт. 3, 
where 4 denotes the angle of the lune and © one of the equal 
sider, 
(Sei, and Art, 1894 ; C.U., М.А, & M.Se., 1900.) 
— 4L. Shew that 
sio RE sin 1E, sin E; sia (Es NI. 
19, Shew that 
ЗВ о фа tan $6 sin C—] (tan фа tan 20) sin 20... 
a. а Fe y мы еме йө mida pieta of the 
sides of a spherical triangle, sbew that 
ain 1E = 9|sin о xin (еа) sin ди B) sin (уб 
where a+ Bey do. 
34. If she eres ofa spherical triangle be one-fourth of the 
ares of the sphere, sbew that the arcs joining the middle points 
ton pad (London University.) 


15. Shew that 


cot rca ca SLE cotit, 


(С.0., М.А, & M.Be,, 1987.) 
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Approximate FORMULAE 
6.12. Ledendre's Theorem.* If tho sides of a 
spherical triangle ато small compared with the radius 
of the sphere, then each anglo of the spherical triangle 
ezcecds by one third of the spherical excess the corres- 
ponding angle of the plane triangle, the sides of which 
are of the same lengths as the arcs of the spherical 
triangle, 
Let a, Band у be the lengths of the arcs forming 
the sides a, b, c of the spherical triangle АВО, 
so that the circular measures of the 





s, 8 and X, r being the radius of the sphere. 


T 











e 1 
EIE n Ti 
* Legendre, Mémoires de Paris, 1787, p. 888; Trigonométrie, 
Appendix V. Все also Gauss, Disquisitiones generales circa ruper- 
ficies curvas, $$ 97, 99, and Mertens, Schidmileh's Zeitschrift, 1875, 


"Q 
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Hence neglecting powers “1 beyond the fourth, we. 
have 


(1-5) 
ори | pete] 
= Miyat абын уү-зйна acie 

. @) 


It A’, B' and C! be the angles of the plano triangle 
with the sides a, В and y, we have (Art. 3.6) 


cos деж В+ 


cos А= 





Am. 
and эш%4'=1-сов?А' 
28°у2 + зета леци васи, 
Hence 60s A=cos A’— EL 
= cos 4'- Asin 5 -.0 


“where A =$Ву sin A’, i.e., the area of the plane tri- 
angle (Art. 3.10). 
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Now if 6 be the excess of the angle A over the 
angle A’, we have 





сов A cos (А' + б) = соз А! 0 sin A’ approximately, 
6 being a very small quantity. 
Hence from (3) we have 





та 
Thus А=А!+ & 
Similarly, BoB + , and с-с+-&. 
во that 
a A 

AcBeCoA BO Ĝar + А, 
or, 4+B+C-2= 4 ie =. - (8) 
Therefore 


Amar AE, ВВ+ LE and С=С + E .. 9 


6.13. We have seen in Art. 6.1 that the area of 
the spherical triangle is Er?, and from (3) of the 
previous article we have Er?=A. Thus the 
areas of the spherical triangle and of the plane 
triangle with sides of the same length are approzi- 
mately cqual, when the sides are very small as pom- 
pared with the radius of the sphere, 
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A closer approximation of the area is given in the 
following article. 


6,14. Approximate value of the spherical 
excess. * 


We bave by L'Huilier's theorem (Art. 6.7) 
tan 4E = (tan Je tan J(e—a) ton j (s—b) tan f(s—c)}>. 
Now 
+... pudet 
а 
«радне јан Г epe А) 
approximately. 





Hence 
tan }Е= [jn + she®).Mo—a){1 + (e —2)2]. 
еп 6799146790: eon]. 
=Halo—a)(o—b)(e—o)}8 
{+ stricte cpto-ot 5 p 


i 
лево - nen] 


^ -9* 4 
: lom Ву? + '—у) e 


* Gauss, Diequisitionez, $ 29. 
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where 2s — oc Bry. 


approximately, 


m e (15 ег 


since the quantities are very small; 
Hence to this order of approximation, the area of 
the spherical triangle exceeds that of the plane triangle 
. 
wá три of the latter. © If in (5) we neglect 
the fourth power ofr. we get the result (8) of Art. 
6.12. 





1. Shew that а closer approximation for А is given by 
„1 1 

THES SE 

3. Shew that 


epproximately. 
3, Bbew that for a closer approximation 


meos д LSNA’ | Byla* 38" — y^) ain tA" 
cos Amcor qi SUA вета суз) iota 
4. Bhew that if 4 — A’+8, then approximately 
о Brsin [1 arata ту" Lir 
бе" 199 д 








CHAPTER VII 
CIRCLES CONNECTED WITH A GIVEN TRIANGLE 


INSCRIBED AND CIRCUMSCRIBED CIRCLES, HART'S CIRCLE» 


ТА. Insorlbed and Clroumsoribed Circles. Circles 
can be described touching the sides of a given spheri- 
cal triangle or passing through its angular points- 
The contact again may be internal or external, 
the circle may be wholly within the triangle or it 
may be outside the triangle. 

The cirele which can be inscribed within the 
given spherical triangle so as to touch each of its 
sides internally, is called. its Inscribed Circle or Incir- 
cle. Its pole will be the point of intersection of the 
internal bisectors of the angles of the given triangle, 
Its angular radius will be denoted by the letter r. 


Acircle which touches one side of the triangle 
and the other two sides produced, is called an Escribed 
Circle or Ezcircle. Its pole will be the point of 
intersection of the bisectors of the external angles. 
‘There will be three such excircles to a given triangle, 
and we denote by the letters тү, га and тз the angu- 
lar radii of the excireles touching the sides ВС, СА 
and AB respectively. It is evident that the excircle 
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touching BC is nothing but the incirele of the Colu- 
nar triangle A"BC. Thus the three excireles are but 
the incircles of the colunar triangles. 

The circle which passes through the angular 
Points of the given triangle, is called its Circumsorib- 
ing Circle or Circum-circle. Tts pole will be tke point 
of intersection of ‘the arcs bisecting the sides of 
the triangle at right angles. Tts angular radius will 
be denoted by the letter Е. 


7.2. The Incircle, To find the angular radius of 
the small circle inscribed in a given triangle, 





Let ABC be the given trisngle. Bisect the 
angles В and C by great circular ares meeting at,7. 
From I draw ID, IE and IF at right angles to the 


sides. 


-Q 
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Then the triangles IBD and IBF having the 
angles at D and F right angles, the angles at B equal 
and IB common, аге equal in all respects. So also 
the triangles ICD and ICE are equal. Therefore 


ID-IE-IF, 


and the triangles ІАЕ and ТАР are equal, so that AI 
bisects the angle A. Thus the internal bisectors of the 
angles of the triangle ABC meet at I. А small circle 
drawn with Г as pole and ID as radius will touch the 
sides at D, E and F and will thus be tbe incirole of 
the given triangle. 


Now from the triangle IBD, we have by (7) of 
Art. 4.1 


tan ID=tan 4B sin BD tan JB sin (#5), 
or denoting ID by r, we have 
tan r=tan JB sin (0—6). 
Similarly, tan r=tan ДА sin («—2) tan 3C sin (8-е) 
0 


Again substituting the value of tenjB from 
Art 3.8 we ba 





sin 
w= sin s 


C] з [xar CE 


e 





e. 
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Similarly substituting the value of the sines in 
(1), we get 
tan r= ЗВ sin 4C pin g, 
cos ЗА 
= sin QC sin 44,. 
И) 
asin gA sin {В o 


сов 4C 


and hence by Arts: 3.18 and 3.14 
tan re {608 8 cos(S — A) cos (8— B) cos (8—0) 
2 cos JA cos 1B cos 1C: 


N 
^ 2 сов А cos $B cos $0. ` - 0* 


Again since 
соё S + cos (8-24) cos (8-- В) + cos (8—0) 

=4 cos $ А cos 4B cos $0 
we have 
cot r= {608 8 +008 LEE (8— B)*-cos (8-C)]. 


5. .. @ 
* Lexall, Acta Petropolitena, 1782, 





|: Q 
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7.8. The Exolrole. To find the angular radii of 
the escribed circles of the given triangle. 


B 
A" 


с 


Let ABC be the given triangle. Produce AB and 
‘AC to шесі at A’. Then the circle escribed to the 
side BC is the incircle of the colunar triangle A"BC, 
the parts of which are a, «—b, т-с, A, «—B and 
я-С. 12s, be the sum of the sides of the colunar 
triangle, we have 





арт (8-а), 5; — 





5—8, ete. 


Hence if ту be the radius, we have by Art. 7.2, 
ten ту tan JA sin (s, в) = ten JA sin s. ... (6) 
Proceeding as in Art. 7.2 or substituting the ele- 
ments of the colunar triangle A’BC in the formulae 
of Art. 7.2, we get 





n 
tan = EE e -0 
EL OY 

сов 


N 
“rapapa 79 
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and 





PEE] Нож Ays ung) *cos( — C)]. 


vee (10) 


ТА. The radii гу and ry of the other two ex- 
«circles are easily obtained in the same manner or by 
appropriate interchange of letters і ғ. Thus 


tan та = tan JB sinam op eto., 


and tan гу = tan jC sins= 





—, ete. 


7.8. The Circumcircle. To find the angular radius 
of the small circle described about a given triangle, 


Ge 


Let ABC be the given triangle. Bisect the sides 


BC and CA at right angles at D and E by greab 
circular ares meeting at P. Join PA, PB and РС. 
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Then the triangles PBD and PCD, baving BD= 
CD, PD common and the angles at D right angles, 
are equal in all respects, во tbat РВ=РС. Similarly 
from the equality of the triangles PCE and PAB, we 
have РС= РА, so that РА= РВ = PC. 

Hence a circle with Р as pole aud radius РА will 
pass through the angular points of ABC, and will thus. 
be the circumcircle of the triangle. 

Now from the triangle BPD, we have by Art. 4.1 


tan BD=tan BP cos PBD=tan BP cos (S—A), 
or denoting the radius by R, we bave 
tan Ja=tan R cos (8—4), 


2 tan ja 
ie, ton R= PE c 
Similarly, o2 


= Unjb бап фе 

igi vos(S-B) сов (8—0) ``" 
Substituting the value of tan ja from Art. 3.18 

we have 





Sas , i 
соз (8—4) cos (8 — B) cos (8 — C) 
eos 5 (12). 
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Again since (Ex. 11, p. 66) 
сов (5 — А) = —cos S cot $b cot dc, 


wo have tan R=— tanjatanjbtange 4g) 


сов 8 
ee esr ogee tt axis 


Hence tan R= ELS сз асу ^. (14) * 


‚ (Ex. 15, p. 56) 


We have from Ex. 14; p. 66. 
cos (8—4) _ cos Jb сов {о 
sin А сов n 
thi Reza in ч 
юш і веда арг 8) 


Again since 
sin (s—a)+sin (s—b) +в (s—c)—sin s 
=4 sin Ja sin $6 sin фо, 
we have 


tan. [nca eniti mains }- 


* Lexell, l.c. This resalt follows at once from Ex. 16, p. 56. 
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7.6. Clrcumciroles of the colunar triangles. To 
find the angular radii of the ciraumcircles of the three 
colunar triangles. 


Let Ry, Ry and Ry be the angular radii of the 
circumeircles of the colunar triangles on the sides a, 
b and с respectively. ‘The elements of the triangle 
"АВС are a, z—b, —c, A, =-В and «—C. Hence 
substituting these values in the formulae of. Art. 7.5, 
we get the formulae for Ry, the circumradius of the 
colunar triangle A” BC, 





Thus tan R,= -t2 = (17) 
= £08 (8—4) 
N a. (8) 
tan ja cot jb cot fe 
E - (19) 


= 2sinjacos 4b coste уу 


sin 
sea 5 0D 


[meo +sin(s—b) + sin(s —c) үр 
| = 02 


Similarly, tan Ry = 190. b= oon 08), eton, 


HN 


=. 
E 
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z tango _ оз(8-© 

o mà tan у= Mei СО ue, 

Е 7.7. Insoribed and Circumsoribed circles of the 
Polar triangle. 


Let A'B'C' be the polar triangle of ABC. Now I, 
the jncentre of ABC, is equidistant from its three 
sides and hence equidistant from their poles A’, B^ 
and С' (Ex. 6, р. 12). Hence. 


o iss 


эй 
a circle with J as pole and ZA’ as radius will pass 
through В’ and C’, Thus, 





т, 


ТА = Br 1C e jn 





The pole of the incircle of any triangle is also. (he № 
pole of the circumcirelé of the polar triangle, and the 
radius of the incircle of the triangle is equal to the 
complement of the circumradiua of the polar triangle. 


Similar reasoning applies to the case of excircles 
also. Thus the poles of the exeircles are the same as 
the poles of circumsircles of the respective colunar 
triangles of the polar triangle and the radii of the 
former are the complements of the respective circum- 
radii of the later. 


Again’ since ABC is also the polar triangle of 
= A'B'C', we have the supplemental relation, | ae 
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The pole of the circumeircle of any triangle is also x^ 
the pole the incircle of the polar triangle and the " 
circumradius of the triangle is equal to the comple- 
ment of the radius of the incircle of the polar triangle. 

Tt follows from the above that if the radius of 
the incircle of a triangle is known, the radius of the 
circumcirele of the polar triangle as also of the given 
triangle is at once obtained. 


EXAMPLES WORKED OUT 


eee Co st fest dien 





= hy (sin a sin b eain of -1 


= aha Oin A tein B+ sin CP — 1, 
We have from Arts, 7 2 and 7.5 





+ {= (i-e) tsi 6-5 


sin (ee) 





| 


6 , 
- [енене оа) sin (0—0) +sin e] 


-i [ieri | 
Hence squaring both sides, we Bave 
iet retia Яй =, [intao re cot toi decor 10 a 








h tais décennie e) вада], 
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E] [i Ф +0] Q cos a) 
+@-сов a) (1cos ib —6)] +3 sin a (ein. өөө] 


1 жай a sin + aio b sinc esincaine 





ean a con b cos e] 


= { (sin a &sin b sin e) — (ой 


=й boost o 8 eo a con b cos o) } 


= A, (in atsin b+aia o —1. 


ся 


Agsin since LEE EE) 
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Ez.3. Angular distance between the poles of the circamelrele 
and the incirele. 


10 8 be the length of the great circular arc joining the poles of 
the incircle and the circomcircle of а triangle, then will 


coat 8 = sin? r cos! В + cos (В+). 


Let I and P be the poles of the incircle and circumcirclo of 
the triangle ABC, and let PI be denoted by 8. Through I and P 
draw two secondaries to BC meeting it at D aod E respectively, 
Then we have by Art. 3.7 


сов 3=sin ID sin PE + cos ID cos PE cos ED, 


BD=1—b, BE=}s; hence ED=}(¢—b). 





n ain PE=sin R sin РВЕ «sin R sin (9—4), 





Hence cou з—ша r sin R sin (5—4) +оо r cos R СМ, 
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ча, dio Rain (8—0) 4 cos rea RB ИВО `1. 
соз $4 А 


by Delambre’ first analogy (Art. ВЛ) 


rio r cos n (tan nsns eene HEAT 20 | 


' 


tiores n [mane 3C sin ue) 
. 


by Arts. 7.2 and 7.5 





d ren ("a 4 + веш 


<}. 


cos B= sin? r cost (сой r+ tan ЕЙ +1] 


‘Therefore we have by Ex. 1, 


sin? r cos! А + со (Вт). 


1.8. Hart's Circle. Inthe plane geometry we 
вате the well-known theorem of Feuerbach that the 
inscribed and escribed circles of a plane triangle are 
all touched by another circle, namely, the Ninepoints 
Circle, Sir Andrew Hart discovered in 1861 * that. 
the theorem holds їп the case of spherical triangles 
also. He demonstrated that the inscribed circles of 
aspherical triangle and its colunar triangles are all 

> . 





— в ве Quarterly Journal of Матай, Vol. TV, p.90. ` 


. © 
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. touched by another small circle. This circle touches 
internally the incirele of the triangle and externally 
the incircles of the colunar triangles. 

“7,9. Spherical Radius of Hart's Circle. 

Let ABC be the given triangle, and r, rj, Ta, Ts 

the radii and I, /,, 1, I the poles of the inscribed 

and escribed circles. Let be the radius and H the 
centre of Hart's circle. ‘Then since Hart's circle 

Ваз internal contact with the incircle and external 

‘contact with the excircles of ABC, we bave 





Hlep-r, Hl pri, Hlg-p*r, and Hips. 


_ Now since the angle A is bisected internally by AF 
япё exterWilly by Als, they aro stright angles to - 


9. 
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each other. Thus AI, isan altitude of the triangle 
lil. Similarly Bl, and Cl, are the other 
altitudes, 


Let 2v, 2v, 2v, and 2v, be the sines of the 
triangles 1,151, П, ITI, and 11,1», then 


2v=sin I1, sin AI, 20, sin 1,1; sin BI, 
2v, sin 1,1; sin AI, и, sin 1,1, sin CI, 


МІР be drawn perpendicular on AB, we have 
1Р=т, and 


sin r=sin AI sin А and sin ту sin AI, sin 44, 


so that sin т: sin 7, sin Al: sin АГ. 


Bimilarly 





1 1 
viviive n uer gar, ainra Башту" 


Applying Dr. Casey's Theorem (Art, 5.10) cn the 
triangle 1,1,1; we have 


vı сов НІ, +g сов НІ. +уз cos HI v cos HI, 
er, е 


+7) , cos (pro) +т, ‚сов (p*- 
gos (p+r) men (mp amen, 


sin fy 
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f,e., cos p (cot тү + cot то cot тз) 8 sin p 
= сов p cot r- sin p. 
Thus — 4tanpccotr, + cot rg + cot та соёт 


-L {ка (еа) tain (10) sin (02.0) оа ‘| 


=2 ten R, 
where R is the circumradius of the triangle АВС. 
Hence tan р=} tan R. 
7.10. Angular distance of the pole of Hart's 
olrole from the vertices of the given triangle. 


‘The lengths of the arcs joining H to A, B and C 
сап be obtained with the help of Art. 5.1. Thus 
applying the theorem to the arc 15413 we have 


сов НІ, sin АІ, + сов НІ, sin AI, cos AH sin Ig 





or, сов (р+тз) sin Alg +cos (prs) sin Aly 


cos АН sin (AI, + AI;). 


But sin AI, = кет, sin Ale EA. 


cos Als m cos та cos (#— c), сов AI3 cos тз cos (— b). 
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Hence substituting these values in the above 
equality, we have 


sin ту cos та + cos rg sin, —2 tan p sin ry sin ry 
сов Ta + cos TJ 
ton AH |, 
j sin rg сов rs сов (s—b] 
2 Gee 08 p нонни. 


+8in r4 сов rg cos (a—c) |, 


ог, cat rg cot r,—2 tan p 


= cos AH foot ғу cos (s—b) +cot ra сов (s) IE 
cos p 

whence substituting the values of cot ту, cob rs from 

Art. 7.4, and of tan p from Art. 7.9 we get 


sin (ed) +ein (s—c)—2 sin за sin 15 sin $9 





= вин X {= (6—0) cos 0-0. 


+ sin (s—b) сов (s—c) }. 
Hence simplifying, we bave 


nane tienda, 


сов А 
аа 
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Amd 2, . оо CH = 95 3a cos ДЬ, 


cos фс 


7.41. The lengths AH, BH and СН can be 
obtained easily without previous; knowledge of the 
yalue of p. Thus from the previous article we haye 

cot rg cot r4—2 tan p 

"AH {= ту вов (8—b) + cot rg 0-9} 

cos p 


And applying Art. 5-1 to the аге АП, we bave 
cos (p—r) sin AI, —cos (pr) sin АГ 
=cos AH sin (АІ, — AD, 
which on simplification becomes 


eot r, —cot r2 ton p 


=a S AH [ome а)-. etn me]. 
сов p 


cos AH sin a 
Thus cot rg cot rs —2tan p= —— er 
cos AH sing 
and cot r eot r—2 tan pe — SRS 


P М 
Hence equating we bave 

` 

tan p=} (cot и + cot г» + cot та—со& т) =} tan R. 
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end cos AB SO ot reis sob eon] 


Loos jb cos 


ic 
cos p. 
сов ү; 


Thus the value of p is simultaneously obtained 
with that of AH. 

142. Baltzer's Theorem.* The pole of the 
great circle through the middle points of two sides of 
в triangle is also the pole of the circumcircle of the 
olunar triangle. 





Draw AX, BY and CZ at right angles to the great 
circle EF passing through the middle point E and F 
. 


- * Baltzer, Trigonometrie, $ 5. > 
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of the sides AC and AB of the triangle ABC. Let 
these perpendiculare meet at 0’. Then O' is the 
pole of the great circle EF. 


We have by Art. 5.9 AX=BY=CZ=p (say), 
then O'A=}z+p and ОВ=ОС=и-р. 
Hence 0'B=0'C=}n—(O'A—Jn)=x—O'A=O'A', 
where A! is the point diametricully opposite to A. 


‘Thus the point O' is equidistant from the points 
B, C and А’, i.e., the vertices of the colunar triangle 
A'BC end hence is the pole of its cireumcirele. 





1.43. Theorem.* If from a fized point P on the 

surface of а sphere, a great circular атс be drawn 

(осш a given small circle in A and B, then will 
tan {PA tan JPB=constant. 


v RET 


* Lezel, Acta Petropolitana, 1789, р. 65. 
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; Let O' be the pole’ об the given small circle, 
Druw O'D perpendjcularto AB. Then the triangles 
O'AD and O'BD are symmetrically equal and hence 
AD- BD. 


Now from the triangle РО, we bave. 

сов Р0' = сов PD cos 0’, 
and froth the triahgle 40/D, we have 

cos A0! = cos АД. сов 0'D. 

cos РО! cos PD 
Bence con A con АБ" 
cos AD-— cos PD... cos AO’—cos PO! 
x cos AD t cos PD ~ cos AOF cos PO! 
£e, ten j(PD— AD) tan (PD & AD) 

=tan }(РО’- A0!) tan 4(PO' + A0). 


or, 


Thus tan УРА tan }PB=tan }(8—р)!ап Jp) 
= constant, 


where P “denotes the angular distance РО’ and p the 
angular radius АО’. 


lt is evident that this аа <, 
the positions of A and B, so that it holds for all 
positions of the arc PAB drawn through P. The 
constant tan }(5—p) tan 3(5--p) it-called the spherical 
power of the point Р with respect to the circle, It ів 
positive when P is outside the circle, negative when, 
Pis iiia à 





* eI 


LEXELL'S LOCUS ` 157 


7.4. Lexell'slocus.* The base amd the ата of 
а spherical triangle being given, the locus of the vertex 
fa в small circle. 





Let BC be the given base, and В” and C" be the 
points diametrically opposite to B and C respectively. 
Then in the trisngle АВС", the angle В"==-В and 
Q'-5—C. Suppose P to be the pole of the circum- 
circle of the triangle АВС”. Join PA, РВ? and PC", 





phrcr = бтв", PÓsA- PÁC" and РАв"=РЁ'А. 


‘Therefore BY + Q - Ae PBC + POUR" = 
$ 2 РВС" РВ”. 


. 
3, > Lexell, Aeto Peteopolitens, 1781, I, p. 113. 


‚©. 
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Hence if the angle PB'O" or PO'B* is known, the 
pole P can be determined. 


Now the area of the triangle ABC is given ; hence 
its spherical excess E is also known. But 


Е=А+В+С-п=А+я- В" +r- n 
=я- (В+ Ct*— 4). 


Thus В” + C' — A, i.e., the angle PB*C" or PC'B* 
is known, so that P is determined and the circum- 
circle of A B'C" ів completely known. 

As A isa variable point, it follows that the locus 
of A is a small circle through В” and C’—the circum- 
circle of the triangle ABYC". 


Езлмтлв, 
Prove the following relations for а spherical triangle :— 


1. tany tan tan ry tan y= nt, 
cot r tan т tan ry tan ry sint ә. 
tan f cot ту tan fy tan n sin! (e—a), 
tan r tan cot ry tan ту= sint (#—Ь), 
tan r tan ту tan rg cot у= вів (6). 

9. cot В cot Ву cot Ву cot В; = №, 
tan R cot R; cot Ву cot Ry=cost 8. 
cot В tan Ву cot Ву cot Ry codi (8 —4). 
eot R cot В: tan Ry cot Ву сов? ($— B), 
cot В ой Ву cot Ry tan Ву= oos (5—0), 

8. cob т: cot ry: cob ту: cobr 

sin (s—4) sin (0—0) : sin (0—0) : sin. 
tan B, : tan Ву : бар Ву = сов ($—4) z cos (8— В) : cos (S—C). 








Ө, 
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4. cob ry col ry + cot rco r= tan В, 

tan Ду * tan Rattan Ry—tan R=? cot г. 

cot r—cot n 4 cot rg+ cot r2 tan Ry. 

tan R—tan Ry +tan fa +tan Ву=2 cot n 
B. cob г ain scot 44 cot В cot 4С. 
€, tan П + cot гап В, cot тү tan Ha cot ry 

tan Fly cot ту= Мей r+ cot rj + cot ny cob n). 

Je tan R tan В +160 Ry tan Ry=cot r cot тү +оо fy cot ту 
a ап +tan ry +tan tent р +008 a +008 6 + сов б). 


Cot пу Foot ту teot ту—со т 
tan? R tant B etant В; + S 

irr I Pd 

go, tant Rè tao? Ry—tan? А; ав? Ry con A 
йузи ой " а “cose” 

gn Мв” cos ($—A) cos (S~B) cos (8—0), 
лао Й ^^ 960% М con $B cos {С — 

10, совес? r—cot (0—0) cot (1-е) + cot (# — с} cot (и —а) 


eot (a) cot 0-6). 
соний ry "cot (0—6) ви — c) — cota cot (В) ect s eot (0—0). 





ом (e—a) , cot (s—b) , cot (sc) cot + 
HU uum an "аба "ашу 
=3 eot 0—0) cot (0—0) өй (ев), 
14. cosec! ту cosec! ту + cosec! ry — совес? p 
=- cot {со (иа) + cot (a — 5) + cot ee), 
15. viron- un ИЙ + vitio -aa AP 
+ viron un Rf = Viri run ВЛ, 
36, Shew that in an equilateral apberical triangle 
tan R=2 tan r- 


,9 
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17. ABO is an equilateral spherical (riangle, P the pole of the 
circle circamseribing it, and Q any point on the sphere т wbew that 


cos QA 4 cos QB + ооа QU 73 cos PA оз PQ. 
SORA M. A, 4 М. Se., 1926.) 


2218. TEN be the angular dele been ibe poles of the 
circumeirele and the incircle of a spherical triangle, shew that 





sin a sin b+sine 
ae багаш H бэш фә мо 36 sin de" 
end sect R sect sint Botan? R=B tan B tan r. 


= (London Umi. Егет. Papers) 


39. на, 35 and 3 denote the angular distances betwèen ilie. 
poles of the circumeircle and excircles of a spherical triangle, 
shew that 

cos? у= cos! R sin! ү co (R + n). 


cost 3,= cos! R sin? ry + cos? (R+ n. 

соз? B = cos! R sin? ry + cos? (R+ ту). 

sin? 8, = sint (UR nh mcos! R вї? n. 

‚у iu iif нт Qon) B aint n. 
iuc ye iai yuan! (fs n) o cos! R aint n. 





90. ШІ, I, la and Ty devote the polés of the inscribed and 
scribed citcles of a spherical triangle, shew that 


п = 1 Е E m 
enim Тах YT mE pu 


“п. TES, Sy S, and 58 denote the «um» of the angles of 
apberical triangle and ita three colunars, sbew that 








84814874 Gyr. 
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39. It P, Ру, P, and P, denote. dio plor лы вы 5 
circles of a spherical triangle and its three colonars, фет that 
ton PP, : tan PPy tan РР, 
mcos da sin (9—4) : cos ф sin (9— В) : cos фе sin (8—0). 


33. If in spherical triangle, tbe vertical angle be equal to 
the sum of the base angles, then the pole of the circumoirole will 
lie in the base, 


94. If ABO be» spherical trisugle having each side a quse 
drant, Z the pole of the incircle, P any point on the sphere, 
then will 


np ANGE PB eom PORC, cost PI, 


90. Two circles whose radii ire eo a and oot"! B touch ox» 
ternally. Show that tho anglo between their common tangonts is 


cont 2081, 





- " (C. U. M. A. ё M. So., 1998.) 


90. РАВ is a spherical triangle, of which the side AB is fixe, 
and the angles РАВ and PBA are supplementary. Prove that 
the vertex P lies on a fixed great circle. 






22 
9. но circles of angulat radii, 
gonallyon a sphere of radius г; fod in any manner the area 

common to the two. 
(London University.) 


38. ИН be the centre o Hart's circle for the spherical 
_ triangle ABC, shew that 


кеу, сов AH : cos BH : cos CH = sec! ja : sect $b : sect je. 


zo), 
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99. Ift, (andi, be the lengths of tbe tangents from the 
vertices 4, В and C to Hart's cirele, shew that 
cos и = sec фа cos jb cos je. 
on cos бе d Jo con je. 
сов (у= cos ja eos 3b sec de. 


30. If the side AB of the apberical triangle АВО be inter- 
sected by Hart's cirele at points distant А and м from A, shew that 


a no ee ó 


са __ 
and tan de Ee 


31. Show that the intercept made by Hart's circle on the 
tide АВ is given by 


ow! фасон db _ 
taper): 


82, Sbew that the angle between Hart's circle and s side of 
‘the triangle is equal to the difference of the angles of ithe triangle 
‘adjacent to that side, 


88, ABCD isa spherical quadrilateral inscribed ins small 
cirele, and the diagonals AC and BD intersect at Р: sbow that 


tan JPA tan JPC=tan РВ tan PD. . 


P 
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84. АВО is в spherical triangle, вой s small cirele cuta BC 
in P and P’, СА in Q and Q’, AB in R and R” : shew thet 


sin AQ sin AQ’ _ sin AR sin AR’ 
eos $R 
and 
sin BP sin BP” «in CQ sin 09’ sin ARsin AR’ 
sin CP sin СР” sin AQ «in AQ" «in BRein BR 





85. P is the pole of the circumcircle of tbe spherical triangle 


ABO, ond AP is produced to mest BC in D ; show that if 8 denotes 
PD, 


in (8—8) 
tan ¿BPD tan 4CPD — FX rr 


Tf the angle А be а right angle, shew that 





